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�à¥¤¨á«®¢¨¥
�â® ãç¥¡­®¥ ¯®á®¡¨¥ ¯®á®¡¨¥ ­ ¯¨á ­® ­  ®á­®¢¥ «¥ªæ¨© ¯® ªãàáã

 ­ «¨â¨ç¥áª®© £¥®¬¥âà¨¨ ¨ «¨­¥©­®©  «£¥¡àë, ª®â®àë© ç¨â ¥âáï  ¢-
â®à®¬ ­  ä ªã«ìâ¥â¥ ®¡é¥© ¨ ¯à¨ª« ¤­®© ä¨§¨ª¨ ���� á 2007
£®¤ .

�® âà ¤¨æ¨¨, á«®¦¨¢è¥©áï ­  �¨§â¥å¥, ¬ âà¨æë ¨ á¨áâ¥¬ë «¨-
­¥©­ëå ãà ¢­¥­¨© á¨áâ¥¬ â¨ç¥áª¨ ¨§ãç îâáï ¤® ¢¢¥¤¥­¨ï  ¡áâà ªâ-
­ëå ¯®­ïâ¨© ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  ¨ «¨­¥©­®£® ®â®¡à ¦¥­¨ï.
�à¨ ¤ «ì­¥©è¥¬ ®á¢®¥­¨¨  ¡áâà ªâ­ëå ¯®­ïâ¨© ¬ âà¨æë, ­ àï¤ã á
­ £«ï¤­®© £¥®¬¥âà¨¥©, áâ ­®¢ïâáï ¨áâ®ç­¨ª®¬ ¬®â¨¢¨à®¢®ª ¨ ¯à¨-
¬¥à®¢. � ª ï ¬¥â®¤¨ª  ¯à¥¯®¤ ¢ ­¨ï ®âà ¦¥­  ¢ íâ®¬ ¨§¤ ­¨¨.

�§«®¦¥­¨¥ ¢ ®á­®¢­®¬ â¥ªáâ¥ ¢¥¤¥âáï ¯®á«¥¤®¢ â¥«ì­®. �à¥¤-
¯®« £ ¥âáï, çâ® ç¨â â¥«ì §­ ª®¬ á í«¥¬¥­â à­®© ¬ â¥¬ â¨ª®© ¨ ®á-
­®¢ ¬¨ â¥®à¨¨ ¬­®¦¥áâ¢ (­¥ª®â®àë¥ ­ ç «ì­ë¥ á¢¥¤¥­¨ï á®¡à ­ë
¢ ¯à¨«®¦¥­¨¨). �á­®¢­®© â¥ªáâ á­ ¡¦¥­ á­®áª ¬¨-ª®¬¬¥­â à¨ï¬¨,
¬­®£¨¥ ¨§ ª®â®àëå ¤ ­ë á æ¥«ìî á¢ï§ âì ¨§« £ ¥¬ë© äà £¬¥­â â¥-
®à¨¨ á ¤àã£¨¬¨ áî¦¥â ¬¨ ¨§  «£¥¡àë ¨ £¥®¬¥âà¨¨.

� â¥ªáâ¥ á¨¬¢®« ¬¨ B ¨ ¤ ®â¬¥ç îâáï á®®â¢¥âáâ¢¥­­® ­ ç «® ¨
ª®­¥æ ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥­¨© (â¥®à¥¬, ¯à¥¤«®¦¥­¨© ¨ «¥¬¬).
� á«ãç ¥ ¤®ª § â¥«ìáâ¢  íª¢¨¢ «¥­â­®áâ¨ A ⇔ B ãá«®¢¨© A ¨ B á¨¬-
¢®«ë ⇒ ¨ ⇐ ®¡®§­ ç îâ ­ ç «® ¤®ª § â¥«ìáâ¢  á®®â¢¥âáâ¢¥­­®
á«¥¤áâ¢¨© A ⇒ B ¨ B ⇒ A. �ãàá¨¢®¬ ¢ë¤¥«ïîâáï ä®à¬ã«¨à®¢ª¨
ãâ¢¥à¦¤¥­¨©,   â ª¦¥ ®¯à¥¤¥«ï¥¬ë¥ ¯®­ïâ¨ï.

�¢â®à ¡« £®¤ à¥­ á¢®¨¬ ãç¨â¥«ï¬ ¨ ª®««¥£ ¬ ¨§ ��� ¨ ����, ¢
¯à®æ¥áá¥ à ¡®âë á ª®â®àë¬¨ áª« ¤ë¢ «¨áì ¯®­¨¬ ­¨¥ ¬ â¥¬ â¨ª¨ ¨
áâ¨«ì ¥¥ ¯à¥¯®¤ ¢ ­¨ï. � ª¦¥  ¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì á¢®¨¬
á«ãè â¥«ï¬ | ¨­â¥à¥á ª ¯à¥¤¬¥âã ¨ ã¢«¥ç¥­­®áâì ¬­®£¨å áâã¤¥­â®¢
���� á¯®á®¡áâ¢®¢ «¨ à ¡®â¥ ­ ¤ íâ¨¬ ¨§¤ ­¨¥¬.

�®æ¥­â ����
�. �®¦¥¢­¨ª®¢
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�¢¥¤¥­¨¥
�ãáâì ¤ ­ë ­ âãà «ì­ë¥ ç¨á«  m ¨ n. � âà¨æ¥© à §¬¥à  m× n

¡ã¤¥¬ ­ §ë¢ âì ã¯®àï¤®ç¥­­ë© ­ ¡®à ¨§ mn ¤¥©áâ¢¨â¥«ì­ëå1 ç¨á¥«
| í«¥¬¥­â®¢ ¬ âà¨æë, § ¯¨á ­­ë© ¢ ¢¨¤¥ â ¡«¨æë á m áâà®ª ¬¨
¨ n áâ®«¡æ ¬¨.

�­®¦¥áâ¢® ¬ âà¨æ (á ¤¥©áâ¢¨â¥«ì­ë¬¨ ç¨á« ¬¨) à §¬¥à  m× n
¡ã¤¥¬ ®¡®§­ ç âì2 Mm×n. � âà¨æë à §¬¥à  1× 1 ¨­®£¤  ¯®§¢®«¨¬
á¥¡¥ ®â®¦¤¥áâ¢«ïâì á ç¨á« ¬¨.3

� âà¨æ  A ∈ Mm×n á í«¥¬¥­â ¬¨ aij , £¤¥ i = 1, 2, . . . , m, j =
= 1, 2, . . . , n, ¢ë£«ï¤¨â â ª:

A =




a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n

a31 a32 a33 . . . a3n

...
...

... . . . ...
am1 am2 am3 . . . amn




. (1)

�®à®âª® ¯¨è¥¬ A = (aij). �âà®ªã á ­®¬¥à®¬ i ¡ã¤¥¬ ®¡®§­ ç âì
ai •: ai• =

(
ai1 ai2 . . . ain

)
. �â®«¡¥æ á ­®¬¥à®¬ j ¡ã¤¥¬ ®¡®§­ -

ç âì a•j : a•j =




a1j

a2j

...
amj


. �âà®ª¨ ¨ áâ®«¡æë ¯à¥¤áâ ¢«ïîâ á®¡®© ¬ â-

à¨æë à §¬¥à  1 × n ¨ m × 1: ai• ∈ M1×n, a•j ∈ Mm×1. �âà®ª¨
1�§« £ ¥¬ ï §¤¥áì â¥®à¨ï ®áâ ¥âáï ¡¥§ ¨§¬¥­¥­¨© ¤«ï ¬ âà¨æ á à æ¨®­ «ì-

­ë¬¨ ¨«¨ ª®¬¯«¥ªá­ë¬¨ ç¨á« ¬¨, ¨«¨ ¬ âà¨æ á í«¥¬¥­â ¬¨ ¨§ ¯à®¨§¢®«ì­®£®
¯®«ï K. �­®£¤  à áá¬ âà¨¢ îâáï ¬ âà¨æë, í«¥¬¥­â ¬¨ ª®â®àëå ï¢«ïîâáï ­¥
ç¨á« ,   ¤àã£¨¥ ®¡ê¥ªâë | ­ ¯à¨¬¥à ¢¥ªâ®àë, ¨«¨ ¤ ¦¥ ­¥ª®â®àë¥ ®â®¡à ¦¥-
­¨ï. �áâà¥ç îâáï ¨ â ª ­ §ë¢ ¥¬ë¥ ¡«®ç­ë¥ ¬ âà¨æë | ¬ âà¨æë, í«¥¬¥­âë
ª®â®àëå á ¬¨ ï¢«ïîâáï ¬ âà¨æ ¬¨.

2�® ¬­®£¨å ª­¨£ å ¤«ï ¬­®¦¥áâ¢  ¬ âà¨æ à §¬¥à  m × n á í«¥¬¥­â ¬¨ ¨§
¯®«ï (¨«¨ ª®«ìæ ) K ¯à¨­ïâ® ®¡®§­ ç¥­¨¥ Matm×n(K).

3� ª «¨­¥©­®¥ ¯à®áâà ­áâ¢® ¬­®¦¥áâ¢® Mm×n ¥áâ¥áâ¢¥­­® ®â®¦¤¥áâ¢«ï¥âáï
á Rmn (¨§®¬®àä­® Rmn).



7

¨ áâ®«¡æë ¨­®£¤  ­ §ë¢ îâ ¢¥ªâ®à ¬¨-áâà®ª ¬¨ ¨ ¢¥ªâ®à ¬¨-
áâ®«¡æ ¬¨. �«ï ¬ âà¨æë (1) ¬®¦­® ¨á¯®«ì§®¢ âì áâà®ç­ãî § ¯¨áì

A =




a1 •
a2 •

...
am •


, ¨«¨ áâ®«¡æ®¢ãî § ¯¨áì A =

(
a•1 a•2 · · · a•n

)
.

�«¥¬¥­âë ¬ âà¨æë A, ­ å®¤ïé¨¥áï ­  ¯¥à¥á¥ç¥­¨¨ ­¥ª®â®àëå
áâà®ª ai1 •, ai2 •, . . . , aik • (1 6 i1 < i2 < . . . < ik 6 m) ¨ ­¥ª®â®àëå
áâ®«¡æ®¢ a•j1 , a•j2 , . . . , a•jl

(1 6 j1 < j2 < . . . < jl 6 n), ®¡à §ãîâ
¯®¤¬ âà¨æã (à §¬¥à  k × l):




ai1j1 ai1j2 . . . ai1jl

ai2j1 ai2j2 . . . ai2jl

...
... . . . ...

aikj1 aikj2 . . . aikjl


 .

� ç áâ­®áâ¨, áâà®ª¨ ¨ áâ®«¡æë ¬ âà¨æë ï¢«ïîâáï ¯®¤¬ âà¨æ ¬¨.4
�¨ªá¨à®¢ ­­ë© í«¥¬¥­â ¬ âà¨æë â ª¦¥ ¬®¦­® áç¨â âì ¯®¤¬ âà¨-
æ¥© à §¬¥à  1× 1.

�á«¨ m = n, â® ¬ âà¨æ  A ∈ Mm×n ­ §ë¢ ¥âáï ª¢ ¤à â­®©,
ç¨á«® n ­ §ë¢ ¥âáï ¯®àï¤ª®¬ ª¢ ¤à â­®© ¬ âà¨æë.

� ¬ âà¨æ¥ A = (aij) ∈ Mm×n í«¥¬¥­âë a11, a22, . . . , akk, £¤¥
k = min{m,n}, ­ §ë¢ îâáï ¤¨ £®­ «ì­ë¬¨, ®­¨ ®¡à §ãîâ £« ¢­ãî
¤¨ £®­ «ì.

�¢ ¤à â­ ï ¬ âà¨æ  A = (aij) ¯®àï¤ª  n ­ §ë¢ ¥âáï ¢¥àå­¥-
âà¥ã£®«ì­®©, ¥á«¨ ¤«ï «î¡ëå 1 6 j < i 6 n ¢ë¯®«­¥­® aij = 0.
�­ ç¥ £®¢®àï, ¬ âà¨æ  ¢¥àå­¥âà¥ã£®«ì­ ï, ¥á«¨ ¢á¥ ¥¥ í«¥¬¥­âë ¯®¤
£« ¢­®© ¤¨ £®­ «ìî à ¢­ë ­ã«î. �­ «®£¨ç­® ®¯à¥¤¥«ïîâáï ­¨¦-
­¥âà¥ã£®«ì­ë¥ ¬ âà¨æë ª ª ª¢ ¤à â­ë¥ ¬ âà¨æë, ¢ ª®â®àëå ¢á¥
í«¥¬¥­âë ­ ¤ £« ¢­®© ¤¨ £®­ «ìî à ¢­ë ­ã«î. �¢ ¤à â­ ï ¬ â-
à¨æ  A = (aij) ∈ Mn×n ­ §ë¢ ¥âáï ¤¨ £®­ «ì­®©, ¥á«¨ ¯à¨ i 6= j
¢ë¯®«­¥­® aij = 0. � ª¨¬ ®¡à §®¬, ¢ ¤¨ £®­ «ì­®© ¬ âà¨æ¥ ¢á¥
í«¥¬¥­âë ¢­¥ £« ¢­®© ¤¨ £®­ «¨ ­ã«¥¢ë¥. �¨ £®­ «ì­ãî ¬ âà¨æã

4�­®£¤  ¯®¤¬ âà¨æã k × l ­ §ë¢ îâ ¬¨­®à®¬ k × l, å®âï ç é¥ ¬¨­®à®¬ ­ -
§ë¢ îâ ®¯à¥¤¥«¨â¥«ì ª¢ ¤à â­®© ¯®¤¬ âà¨æë.
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


λ1 0 ··· 0
0 λ2 ··· 0

...
... . . . ...

0 0 ··· λn


, ã ª®â®à®© aii = λi ¤«ï i = 1, 2, . . . , n, ®¡®§­ ç ¥¬

diag(λ1, λ2, . . . , λn). � âà¨æ  diag(λ, λ, . . . , λ) ­ §ë¢ ¥âáï áª «ïà­®©,
  ¬ âà¨æ  diag(1, 1, . . . , 1) | ¥¤¨­¨ç­®©. �¤¨­¨ç­ãî ¬ âà¨æã ¯®-
àï¤ª  n ¡ã¤¥¬ ®¡®§­ ç âì En ¨«¨ E, ¥á«¨ ¨§ ª®­â¥ªáâ  ïá¥­ ¥¥ ¯®-
àï¤®ª.

� âà¨æë A = (aij) ∈ Mm×n ¨ B = (bij) ∈ Mk×l áç¨â îâáï
à ¢­ë¬¨ (¯¨è¥¬ A = B), ¥á«¨ ®­¨ ¨¬¥îâ ®¤¨­ ª®¢ë¥ à §¬¥àë, ¨
­  á®®â¢¥âáâ¢ãîé¨å ¬¥áâ å ã ­¨å à ¢­ë¥ í«¥¬¥­âë (â® ¥áâì k = m,
l = n ¨ aij = bij ¤«ï ¢á¥å i = 1, 2, . . . , m, j = 1, 2, . . . , n).

� ¤ «ì­¥©è¨å à áá¬®âà¥­¨ïå ­ ¬ ¢áâà¥âïâáï ­ ¡®àë, ¨«¨ á¨á-
â¥¬ë ¬ âà¨æ (¢ ç áâ­®áâ¨, á¨áâ¥¬ë ¢¥ªâ®à®¢-áâà®ª ¨ ¢¥ªâ®à®¢-
áâ®«¡æ®¢).5 �á«¨ ¢ ª®­¥ç­®© á¨áâ¥¬¥ ¬ âà¨æ § ä¨ªá¨à®¢ ­ ¯®àï¤®ª,
¢ ª®â®à®¬ ®­¨ ¯¥à¥ç¨á«ïîâáï, â® £®¢®àïâ ®¡ ã¯®àï¤®ç¥­­®© á¨áâ¥¬¥
¬ âà¨æ.

§ 1. �¨­¥©­ë¥ ®¯¥à æ¨¨ ­ ¤ ¬ âà¨æ ¬¨,
âà ­á¯®­¨à®¢ ­¨¥ ¬ âà¨æ

�«®¦¥­¨¥ ¨ ã¬­®¦¥­¨¥ ­  ç¨á«®
� âà¨æë ®¤¨­ ª®¢®£® à §¬¥à  ¬®¦­® áª« ¤ë¢ âì, ¬ âà¨æã

¬®¦­® ã¬­®¦ âì ­  ç¨á«®. �â¨ ®¯¥à æ¨¨ ®¯à¥¤¥«¥­ë á ¬ë¬ ¥á-
â¥áâ¢¥­­ë¬ ®¡à §®¬ | "¯®ª®¬¯®­¥­â­®".
�¯à¥¤¥«¥­¨¥. �ãáâì ¤ ­ë ¬ âà¨æë A,B ∈ Mm×n, A = (aij),
B = (bij). � âà¨æ  (cij) ∈ Mm×n ­ §ë¢ ¥âáï áã¬¬®© ¬ âà¨æ A ¨ B,
¥á«¨ cij = aij + bij ¤«ï ¢á¥å i = 1, 2, . . . , m, j = 1, 2, . . . , n.

�¯à¥¤¥«¥­¨¥. �ãáâì ¤ ­  ¬ âà¨æ  A ∈ Mm×n, A = (aij), ¨ ç¨á«®
λ ∈ R. � âà¨æ  (dij) ∈ Mm×n ­ §ë¢ ¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ¬ âà¨æë

5�â«¨ç¨¥ á¨áâ¥¬ë (­ ¡®à ) ®â ¬­®¦¥áâ¢  ¢ â®¬, çâ® ¢ ­¥© ®¤¨­ í«¥¬¥­â ¬®¦¥â
á®¤¥à¦ âìáï ¢ ­¥áª®«ìª¨å íª§¥¬¯«ïà å. �­ «®£¨ç­® ¯®­ïâ¨î ¯®¤¬­®¦¥áâ¢ 
¢¢®¤¨âáï ¯®­ïâ¨¥ ¯®¤á¨áâ¥¬ë (¯®¤­ ¡®à ). �®¦­® £®¢®à¨âì ®¡ ®¯¥à æ¨ïå ®¡ê-
¥¤¨­¥­¨ï ¨ ¯¥à¥á¥ç¥­¨ï á¨áâ¥¬.
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A ­  ç¨á«® λ, ¥á«¨ dij = λaij ¤«ï ¢á¥å i = 1, 2, . . . , m, j = 1, 2, . . . , n.

�ã¬¬ã ¬ âà¨æ A ¨ B ®¡®§­ ç¨¬ A+B, ¯à®¨§¢¥¤¥­¨¥ ¬ âà¨æë A
­  ç¨á«® λ ®¡®§­ ç¨¬ λA.

�¯¥à æ¨î, á®¯®áâ ¢«ïîéãî ¯ à¥ ¬ âà¨æ A ¨ B ¬ âà¨æã A + B,
¡ã¤¥¬ ­ §ë¢ âì á«®¦¥­¨¥¬,   ®¯¥à æ¨î, á®¯®áâ ¢«ïîéãî ¬ âà¨æ¥
A ¯à®¨§¢¥¤¥­¨¥ A ­  ä¨ªá¨à®¢ ­­®¥ ç¨á«® λ, ¡ã¤¥¬ ­ §ë¢ âì ã¬­®-
¦¥­¨¥¬ 6 ­  ç¨á«® λ.
�¯à¥¤¥«¥­¨¥. � âà¨æ  ¨§ Mm×n, ¢á¥ í«¥¬¥­âë ª®â®à®© à ¢­ë 0,
­ §ë¢ ¥âáï ­ã«¥¢®© ¬ âà¨æ¥©.

�ã«¥¢ë¥ ¬ âà¨æë ®¡ëç­® ®¡®§­ ç îâ O.
�¯à¥¤¥«¥­¨¥. � âà¨æ  (−1)A ­ §ë¢ ¥âáï ¯à®â¨¢®¯®«®¦­®© ¤«ï
¬ âà¨æë A.

� âà¨æã, ¯à®â¨¢®¯®«®¦­ãî ¤«ï ¬ âà¨æë A, ®¡®§­ ç ¥¬ −A.
�®¦­® ¢¢¥áâ¨ ®¯¥à æ¨î ¢ëç¨â ­¨ï, â® ¥áâì £®¢®à¨âì ® à §­®áâ¨

¬ âà¨æ, ¯®« £ ï A−B = A + (−B).

�à¥¤«®¦¥­¨¥ 1.1. ∀ A,B, C ∈ Mm×n, ∀ λ, µ ∈ R ¢ë¯®«­¥­ë á«¥-
¤ãîé¨¥ á¢®©áâ¢ :7

1) (A + B) + C = A + (B + C);
2) A + B = B + A;
3) A + O = A (§¤¥áì O ∈ Mm×n | ­ã«¥¢ ï ¬ âà¨æ );
4) A + (−A) = O;
5) (λ + µ)A = λA + µA;
6) λ(A + B) = λA + λB;
7) 1 ·A = A;
8) (λµ)A = λ(µA).

6�®«¥¥ â®ç­®, á«®¦¥­¨¥ | íâ® ®â®¡à ¦¥­¨¥ ψ : Mm×n ×Mm×n → Mm×n,
¯à¨ ª®â®à®¬ ψ(A, B) = A + B,   ã¬­®¦¥­¨¥ ­  λ | ®â®¡à ¦¥­¨¥ δλ : Mm×n →
→ Mm×n, ¯à¨ ª®â®à®¬ δλ(A) = λA.

7�­ ª®¬ë¥ á ­ ç « ¬¨ «¨­¥©­®©  «£¥¡àë «¥£ª® ¯¥à¥ä®à¬ã«¨àãîâ íâ® ¯à¥¤«®-
¦¥­¨¥ á«¥¤ãîé¨¬ ®¡à §®¬: ¬­®¦¥áâ¢® Mm×n ï¢«ï¥âáï ¢¥ªâ®à­ë¬ ¯à®áâà ­áâ-
¢®¬ ®â­®á¨â¥«ì­® ®¯¥à æ¨© á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï ­  ç¨á«®.
�¢®©áâ¢  1) ¨ 2) ­ §ë¢ îâáï  áá®æ¨ â¨¢­®áâìî ¨ ª®¬¬ãâ â¨¢­®áâìî á«®¦¥-
­¨ï, 5) ¨ 6) | á¢®©áâ¢ ¬¨ «¨­¥©­®áâ¨, ¨«¨ ¤¨áâà¨¡ãâ¨¢­®áâ¨.
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B �á¥ ¯¥à¥ç¨á«¥­­ë¥ á¢®©áâ¢  «¥£ª® ¢ëâ¥ª îâ ¨§ á®®â¢¥âáâ¢ãî-
é¨å á¢®©áâ¢ ¤«ï ç¨á¥« | â ª ª ª ®¯¥à æ¨¨ á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï
­  ç¨á«® ¢ë¯®«­ïîâáï "¯®ª®¬¯®­¥­â­®". ¤

�«¥¤áâ¢¨¥. ∀ A,B ∈ Mm×n, ∀ λ, µ ∈ R ¢ë¯®«­¥­®:
1) 0 ·A = λ ·O = O;
2) −(λA) = (−λ)A = λ(−A);
3) (λ− µ)A = λA− µA;
4) λ(A−B) = λA− λB.

�¨­¥©­ ï ª®¬¡¨­ æ¨ï ¨ «¨­¥©­ ï ®¡®«®çª 

�¯à¥¤¥«¥­¨¥. �ãáâì A1, A2, . . . , Ak ∈ Mm×n, λ1, λ2, . . . , λk ∈ R.

�ã¬¬ 
k∑

i=1

λiAi ­ §ë¢ ¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ¬ âà¨æ A1, A2, . . .

. . . , Ak á ª®íää¨æ¨¥­â ¬¨ λ1, λ2, . . . , λk.

�á«¨ å®âï ¡ë ®¤¨­ ¨§ ª®íää¨æ¨¥­â®¢ ¢ áã¬¬¥
k∑

i=1

λiAi ­¥ à ¢¥­
0, â® £®¢®àïâ, çâ® «¨­¥©­ ï ª®¬¡¨­ æ¨ï ­¥âà¨¢¨ «ì­ ï. �á­®, çâ®
âà¨¢¨ «ì­ ï «¨­¥©­ ï ª®¬¡¨­ æ¨ï à ¢­  ­ã«¥¢®© ¬ âà¨æ¥. �á«¨
¬ âà¨æ  B ∈ Mm×n à ¢­  «¨­¥©­®© ª®¬¡¨­ æ¨¨ ¬ âà¨æ8 A1, A2,
. . . , Ak, £®¢®àïâ, çâ® ¬ âà¨æ  B à áª« ¤ë¢ ¥âáï ¯® A1, A2, . . . , Ak,
¨«¨ «¨­¥©­® ¢ëà ¦ ¥âáï ç¥à¥§ A1, A2, . . . , Ak.
�¯à¥¤¥«¥­¨¥. �ãáâì A | á¨áâ¥¬  ¬ âà¨æ ¨§ Mm×n. �­®¦¥áâ¢®
¬ âà¨æ ¨§ Mm×n, ª®â®àë¥ «¨­¥©­® ¢ëà ¦ îâáï ç¥à¥§ ­¥áª®«ìª®
(ª®­¥ç­®¥ ç¨á«®) ¬ âà¨æ ¨§ A, ­ §ë¢ ¥âáï «¨­¥©­®© ®¡®«®çª®© á¨á-
â¥¬ë A.

�¨­¥©­ ï ®¡®«®çª 9 á¨áâ¥¬ë A ®¡®§­ ç ¥âáï 〈A〉. � ç áâ­®áâ¨,
〈A1, A2, . . . , Ak〉 | «¨­¥©­ ï ®¡®«®çª  ª®­¥ç­®© á¨áâ¥¬ë ¬ âà¨æ A1,
A2, . . . , Ak.

8�¢®©áâ¢  ¨§ ¯à¥¤«®¦¥­¨ï 1.1 ¯®§¢®«ïîâ ãâ¢¥à¦¤ âì, çâ® ¢ áã¬¬¥
k∑

i=1
λiAi

¯®«ãç¨âáï ¬ âà¨æ , ­¥ § ¢¨áïé ï ®â ¯®àï¤ª  ¢ë¯®«­¥­¨ï ®¯¥à æ¨© á«®¦¥­¨ï ¨
ã¬­®¦¥­¨ï ­  ç¨á«®.

9� â¥à¬¨­ å «¨­¥©­®©  «£¥¡àë 〈A〉 | íâ® ­ ¨¬¥­ìè¥¥ ¯®¤¯à®áâà ­áâ¢® ¢¥ª-
â®à­®£® ¯à®áâà ­áâ¢ , á®¤¥à¦ é¥¥ ¢á¥ ¢¥ªâ®àë ¨§ A. �®à¬ «ì­® ¬®¦­® § ¯¨-
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�â ª, ¯® ®¯à¥¤¥«¥­¨î B ∈ 〈A〉 ⇔ B «¨­¥©­® ¢ëà ¦ ¥âáï ç¥à¥§
­¥áª®«ìª® áâ®«¡æ®¢ ¨§ A. �á«®¢¨¬áï áç¨â âì, çâ® 〈∅〉 = O. �á­®,
çâ® ¤«ï «î¡®£® ¬­®¦¥áâ¢  A ⊂ Mm×n ¢ë¯®«­¥­® A ⊂ 〈A〉. � ª¦¥
¯®­ïâ­®, çâ® ¤«ï «î¡®© á¨áâ¥¬ë ¬ âà¨æ A ¢ë¯®«­¥­® O ∈ 〈A〉.

�à ­á¯®­¨à®¢ ­¨¥

�¯à¥¤¥«¥­¨¥. �ãáâì ¤ ­  ¬ âà¨æ  A ∈ Mm×n, A = (aij). � â-
à¨æ  (bij) ∈ Mn×m ­ §ë¢ ¥âáï âà ­á¯®­¨à®¢ ­­®© ª ¬ âà¨æ¥ A,
¥á«¨ bij = aji ¤«ï ¢á¥å i = 1, 2, . . . , m, j = 1, 2, . . . , n.

� âà¨æã, âà ­á¯®­¨à®¢ ­­ãî ª A, ¡ã¤¥¬ ®¡®§­ ç âì AT .
�¯¥à æ¨î, á®¯®áâ ¢«ïîéãî ª ¦¤®© ¬ âà¨æ¥ A ¬ âà¨æã AT , ¡ã-

¤¥¬ ­ §ë¢ âì âà ­á¯®­¨à®¢ ­¨¥¬.10

�¥âàã¤­® ¯à¥¤áâ ¢¨âì âà ­á¯®­¨à®¢ ­¨¥ ­ £«ï¤­®: íâ® á¨¬¬¥â-
à¨ï ®â­®á¨â¥«ì­® £« ¢­®© ¤¨ £®­ «¨. �â®«¡æë ¬ âà¨æë AT | íâ®

âà ­á¯®­¨à®¢ ­­ë¥ áâà®ª¨ ¬ âà¨æë A, â® ¥áâì ¥á«¨ A =




a1 •
a2 •

...
am •


,

â® AT =
(
aT
1 • aT

2 • . . . aT
m •

)
.11

�à¥¤«®¦¥­¨¥ 1.2. ∀ A,B ∈ Mm×n, ∀ λ ∈ R ¢ë¯®«­¥­®: 12

1) (AT )T = A;
2) (A + B)T = AT + BT

3) (λA)T = λAT .

B �¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª .13 ¤

á âì 〈A〉 =

{
k∑

i=1
λiAi

∣∣ k ∈ N, A1, A2, . . . , Ak ∈ A, λ1, λ2, . . . , λk ∈ R
}

.

10�®¢®àï ¡®«¥¥ â®ç­®, âà ­á¯®­¨à®¢ ­¨¥ | íâ® ®â®¡à ¦¥­¨¥ (®ç¥¢¨¤­®, ¡¨¥ª-
â¨¢­®¥) ϕ : Mm×n → Mn×m, ¯à¨ ª®â®à®¬ ϕ(A) = AT .

11�® íâ®¬ã ¯à ¢¨«ã ã¤®¡­® ¢ë¯¨áë¢ âì ¬ âà¨æã, âà ­á¯®­¨à®¢ ­­ãî ª ¤ ­-
­®©.

12�¢®©áâ¢  2) ¨ 3) ®§­ ç îâ, çâ® ®¯¥à æ¨ï âà ­á¯®­¨à®¢ ­¨ï «¨­¥©­ .
13�¢®©áâ¢® 1) ®ç¥¢¨¤­®. �«ï 2) ¨ 3) ¯à¨¢¥¤¥¬ á®®â¢¥âáâ¢ãîéãî ¯à®¢¥àªã:

2) �ãáâì A = (aij), B = (bij), AT = (cij), BT = (dij), A + B = S = (sij),
ST = (rij). �®£¤  rij = sji = aji + bji = cij + dij , çâ® ¨ âà¥¡ã¥âáï.
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� ¤ ç¨ ¨ ã¯à ¦­¥­¨ï

1. �ëç¨á«¨â¥ A + 3BT , £¤¥ A =
(

4 −2 0
2 −5 −1

)
, B =



−3 3
2 −6
1 7


.

2. �ª ¦¨â¥ ­¥ª®â®àãî á¨áâ¥¬ã ¨§ ç¥âëà¥å ¬ âà¨æ A1, A2, A3,
A4 ∈ M2×2 â ªãî, çâ® 〈A1, A2, A3, A4〉 = M2×2.

3. �®ª ¦¨â¥, çâ® ¬­®¦¥áâ¢® áâà®ª {(x1, x2, x3, x4) |x1 + x2 + x3 +
+ x4 = 0} á®¢¯ ¤ ¥â á «¨­¥©­®© ®¡®«®çª®© áâà®ª (−1, 1, 0, 0),
(−1, 0, 1, 0), (−1, 0, 0, 1).

4. �ãáâì A | ¯à®¨§¢®«ì­ ï á¨áâ¥¬  áâ®«¡æ®¢ ¨§ Mn×1. �®ª -
¦¨â¥, çâ® 〈〈A〉〉 = 〈A〉.

5. �¢ ¤à â­ ï ¬ âà¨æ  A ­ §ë¢ ¥âáï á¨¬¬¥âà¨ç¥áª®©, ¥á«¨
AT = A, ¨ ª®á®á¨¬¬¥âà¨ç¥áª®©, ¥á«¨ AT = −A. �®ª ¦¨â¥,
çâ® «î¡ ï ª¢ ¤à â­ ï ¬ âà¨æ  ¯à¥¤áâ ¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬
®¡à §®¬ ¢ ¢¨¤¥ áã¬¬ë B +C, £¤¥ B | á¨¬¬¥âà¨ç¥áª ï,   C |
ª®á®á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æë.

§ 2. �¨­¥©­ ï § ¢¨á¨¬®áâì ¨ à ­£
�¨­¥©­ ï § ¢¨á¨¬®áâì
� íâ®¬ ¨ á«¥¤ãîé¥¬ ¯ã­ªâ å à¥çì ¯®©¤¥â ® «¨­¥©­®© § ¢¨á¨¬®áâ¨

¨ à ­£¥ ¤«ï á¨áâ¥¬ ¢¥ªâ®à®¢-áâ®«¡æ®¢. �á¥ ®¯à¥¤¥«¥­¨ï ¨ ãâ¢¥à¦-
¤¥­¨ï ¡¥§ ¨§¬¥­¥­¨© ¯¥à¥­®áïâáï ­  á¨áâ¥¬ë ¢¥ªâ®à®¢-áâà®ª.14

3) �ãáâì A = (aij), λA = B = (bij), BT = (cij), AT = (dij). �®£¤  cij = bji =
= λaji = λdij .

14�á¥ ®áâ ¥âáï ¢ á¨«¥ ¨ ¤«ï ¬ âà¨æ ä¨ªá¨à®¢ ­­®£® à §¬¥à , ¨ ¢®®¡é¥ ¤«ï á¨á-
â¥¬ í«¥¬¥­â®¢ ¯à®¨§¢®«ì­®£® ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢ . �«ï ¢¥ªâ®à®¢ £¥®¬¥â-
à¨ç¥áª®£® ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  ¯®­ïâ¨¥ «¨­¥©­®© § ¢¨á¨¬®áâ¨ ¨¬¥¥â á«¥-
¤ãîé¨© á¬ëá«: á¨áâ¥¬  ¨§ ¤¢ãå ¢¥ªâ®à®¢ a1,a2 «¨­¥©­® § ¢¨á¨¬  ⇔ a1 ¨ a2

ª®««¨­¥ à­ë; á¨áâ¥¬  ¨§ âà¥å ¢¥ªâ®à®¢ a1,a2,a3 «¨­¥©­® § ¢¨á¨¬  ⇔ a1,a2,a3

ª®¬¯« ­ à­ë.
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�¯à¥¤¥«¥­¨¥. �¨áâ¥¬  áâ®«¡æ®¢ A1, A2, . . . , Ak ¨§ Mm×1 ­ §ë¢ -
¥âáï «¨­¥©­® § ¢¨á¨¬®©, ¥á«¨ ­¥ª®â®à ï ¨å ­¥âà¨¢¨ «ì­ ï «¨­¥©­ ï
ª®¬¡¨­ æ¨ï à ¢­  O, ¨ «¨­¥©­® ­¥§ ¢¨á¨¬®© ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�®« £ îâ, çâ® ¯ãáâ ï á¨áâ¥¬  ¢¥ªâ®à®¢-áâ®«¡æ®¢ «¨­¥©­® ­¥§ -
¢¨á¨¬  | ä®à¬ «ì­® íâ® á®£« áã¥âáï á ®¯à¥¤¥«¥­¨¥¬.

�à¥¤«®¦¥­¨¥ 2.1. �¨áâ¥¬  áâ®«¡æ®¢ A1, A2, . . . , Ak ∈ Mm×1

(k > 2) «¨­¥©­® § ¢¨á¨¬  ⇔ áà¥¤¨ áâ®«¡æ®¢ A1, A2, . . . , Ak ­ ©¤¥âáï
áâ®«¡¥æ, ª®â®àë© «¨­¥©­® ¢ëà ¦ ¥âáï ç¥à¥§ ®áâ «ì­ë¥.

B ⇒ �ãáâì
k∑

i=1

λiAi = O, ¨ ­¥ ¢á¥ ª®íää¨æ¨¥­âë à ¢­ë 0, áª -
¦¥¬, λk 6= 0. �®£¤  ¯®¤¥«¨¬ à ¢¥­áâ¢® ­  −λk ¨ ¯¥à¥­¥á¥¬ Ak ¢
¤àã£ãî ç áâì; ¯®«ãç¨¬ Ak =

k−1∑
i=1

µiAi, £¤¥ µi = − λi

λk
, i = 1, 2, . . .

. . . , k − 1.
⇐ �ãáâì, áª ¦¥¬, Ak à áª« ¤ë¢ ¥âáï ¯® áâ®«¡æ ¬ A1, A2, . . . ,

Ak−1: Ak =
k−1∑
i=1

µiAi. �®£¤ 
k−1∑
i=1

µiAi−Ak | ­¥âà¨¢¨ «ì­ ï «¨­¥©­ ï
ª®¬¡¨­ æ¨ï, à ¢­ ï O. ¤

�à¥¤«®¦¥­¨¥ 2.2. 1) �á«¨ ¢ á¨áâ¥¬¥ A1, A2, . . . , Ak ∈ Mm×1 ­¥-
ª®â®à ï ¯®¤á¨áâ¥¬  «¨­¥©­® § ¢¨á¨¬ , â® ¨ ¢áï á¨áâ¥¬  «¨­¥©­®
§ ¢¨á¨¬ .

2) �®¤á¨áâ¥¬  «¨­¥©­® ­¥§ ¢¨á¨¬®© á¨áâ¥¬ë «¨­¥©­® ­¥§ ¢¨-
á¨¬ .

B 1) �ãáâì, áª ¦¥¬, ¤«ï á¨áâ¥¬ë áâ®«¡æ®¢ A1, A2, . . . , Ak ¥¥
¯®¤á¨áâ¥¬  A1, A2, . . . , As (s 6 k) «¨­¥©­® § ¢¨á¨¬ , ¨ ­¥ª®â®-
à ï ­¥âà¨¢¨ «ì­ ï «¨­¥©­ ï ª®¬¡¨­ æ¨ï

s∑
i=1

µiAi à ¢­  O. �®£¤ 
s∑

i=1

µiAi + 0 · Am+1 + . . . + 0 · Ak | ­¥âà¨¢¨ «ì­ ï «¨­¥©­ ï ª®¬¡¨-
­ æ¨ï, à ¢­ ï O.

2) �â® ¯¥à¥ä®à¬ã«¨à®¢ª  ãâ¢¥à¦¤¥­¨ï 1). ¤

�«¥¤áâ¢¨¥. 1) �¨áâ¥¬  áâ®«¡æ®¢ ¨§ Mm×1, á®¤¥à¦ é ï O, ï¢«ï-
¥âáï «¨­¥©­® § ¢¨á¨¬®©.
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2) �¨áâ¥¬  áâ®«¡æ®¢ ¨§ Mm×1, á®¤¥à¦ é ï ¤¢  ®¤¨­ ª®¢ëå
áâ®«¡æ , ï¢«ï¥âáï «¨­¥©­® § ¢¨á¨¬®©.

�à¥¤«®¦¥­¨¥ 2.3. �á«¨ á¨áâ¥¬  A1, A2, . . . , Ak ∈ Mm×1 «¨­¥©­®

­¥§ ¢¨á¨¬  ¨ B =
k∑

i=1

λiAi, â® ª®íää¨æ¨¥­âë λ1, λ2, . . . , λk ®¯à¥¤¥-
«ïîâáï ®¤­®§­ ç­®.

B �à¥¤¯®«®¦¨¬, çâ® B à §«®¦¥­ ¯® áâ®«¡æ ¬ A1, A2, . . . , Ak ¥é¥
ª ª¨¬-â® á¯®á®¡®¬: B =

k∑
i=1

µiAi. �ëç¨â ï ¨§ ®¤­®£® à §«®¦¥­¨ï

¤àã£®¥, ¯®«ãç ¥¬
k∑

i=1

(λi − µi)Ai = O. � ª ª ª A1, A2, . . . , Ak | «¨-
­¥©­® ­¥§ ¢¨á¨¬ ï á¨áâ¥¬ , â® «¥¢ ï ç áâì ¯®á«¥¤­¥£® à ¢¥­áâ¢  |
âà¨¢¨ «ì­ ï «¨­¥©­ ï ª®¬¡¨­ æ¨ï, ®âªã¤  λi = µi, i = 1, 2, . . . , k. ¤

�¯à¥¤¥«¥­¨¥. �ãáâì A | á¨áâ¥¬  ¢¥ªâ®à®¢-áâ®«¡æ®¢ ¨§ Mm×1.
�®­¥ç­ãî ¯®¤á¨áâ¥¬ã A1, A2, . . . , Ar á¨áâ¥¬ë A ¡ã¤¥¬ ­ §ë¢ âì
¡ §¨á­®© ¤«ï A, ¥á«¨ ®­  «¨­¥©­® ­¥§ ¢¨á¨¬ , ¨ «î¡®© áâ®«¡¥æ ¨§
A ¯à¨­ ¤«¥¦¨â 〈A1, A2, . . . , Ar〉.

�¨¦¥ ¤ ¤¨¬ ®¯¨á ­¨¥ ¡ §¨á­ëå15 ¯®¤á¨áâ¥¬ ¤«ï ¯à®¨§¢®«ì­ëå
á¨áâ¥¬ ¢¥ªâ®à®¢-áâ®«¡æ®¢,   ¯®ª  ãª ¦¥¬ ¯à¨¬¥à ¡ §¨á­®© ¯®¤á¨á-
â¥¬ë ¢ Mm×1. � ¬­®¦¥áâ¢¥ Mm×1 à áá¬®âà¨¬ á¨áâ¥¬ã áâ®«¡æ®¢

e1 =




1
0
...
0


, e2 =




0
1
...
0


, . . . , em =




0
0
...
1


 (ã áâ®«¡æ  ei ­  i-¬ ¬¥áâ¥

¥¤¨­¨æ ,   ®áâ «ì­ë¥ í«¥¬¥­âë à ¢­ë ­ã«î).

�à¥¤«®¦¥­¨¥ 2.4. �¨áâ¥¬  áâ®«¡æ®¢ e1, . . . , em ï¢«ï¥âáï ¡ §¨á-
­®© ¯®¤á¨áâ¥¬®©16 ¢ Mm×1.

15�à¥¤« £ ¥¬ë© â¥à¬¨­ "¡ §¨á­ ï ¯®¤á¨áâ¥¬ " ­ å®¤¨âáï ¢ á®£« á¨¨ á ®¡é¥¯-
à¨­ïâë¬ ®¯à¥¤¥«¥­¨¥¬ ¡ §¨á  ¢ «¨­¥©­®©  «£¥¡à¥: ¤¥©áâ¢¨â¥«ì­®, ã¯®àï¤®ç¥­-
­ ï ¡ §¨á­ ï ¯®¤á¨áâ¥¬  ¢ á¨áâ¥¬¥ A | íâ® ¡ §¨á ¯®¤¯à®áâà ­áâ¢  〈A〉. �«ï
«¨­¥©­®£® ®â®¡à ¦¥­¨ï ϕ : Rn → Rm, § ¤ ­­®¬ ¬ âà¨æ¥© A, ¡ §¨á­ ï á¨áâ¥¬ 
áâ®«¡æ®¢ ¬ âà¨æë A | íâ® ¡ §¨á ¢ Im ϕ.

16�¯®àï¤®ç¥­­ãî á¨áâ¥¬ã áâ®«¡æ®¢ e1, . . . , em ­ §ë¢ îâ áâ ­¤ àâ­ë¬ ¡ §¨-
á®¬ ¢ Rm = Mm×1.
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B �§ à ¢¥­áâ¢ 
m∑

i=1

λiei =




λ1

λ2

...
λm


 ¢¨¤­®, çâ® ¥á«¨

m∑
i=1

λiei = O, â®

λ1 = λ2 = . . . = λm = 0, ¯®íâ®¬ã e1, . . . , em | «¨­¥©­® ­¥§ ¢¨á¨¬ ï
á¨áâ¥¬ . �§ â®£® ¦¥ à ¢¥­áâ¢  ¢¨¤­®, çâ® «î¡®© áâ®«¡¥æ ¨§ Mm×1

¬®¦­® à §«®¦¨âì ¯® áâ®«¡æ ¬ e1, . . . , em. ¤

� ­£

�¯à¥¤¥«¥­¨¥. �¥«®¥ ­¥®âà¨æ â¥«ì­®¥ ç¨á«® r ­ §ë¢ ¥âáï à ­£®¬
­¥¯ãáâ®© (¢®§¬®¦­®, ¡¥áª®­¥ç­®©) á¨áâ¥¬ë A ¢¥ªâ®à®¢-áâ®«¡æ®¢ ¨§
Mm×1, ¥á«¨ ¢ A ¬®¦­® ¢ë¡à âì r áâ®«¡æ®¢, ï¢«ïîé¨åáï «¨­¥©­® ­¥-
§ ¢¨á¨¬®© á¨áâ¥¬®©, ­® ­¥«ì§ï ¢ë¡à âì r + 1 áâ®«¡æ®¢, ï¢«ïîé¨åáï
«¨­¥©­® ­¥§ ¢¨á¨¬®© á¨áâ¥¬®©.

�¡®§­ ç¥­¨¥ ¤«ï à ­£ :17 rgA. � ç áâ­®áâ¨, rg(A1, A2, . . . , Ak)
| à ­£ ª®­¥ç­®© á¨áâ¥¬ë áâ®«¡æ®¢ A1, A2, . . . , Ak.

�â ª, à ­£ á¨áâ¥¬ë ¢¥ªâ®à®¢-áâ®«¡æ®¢ A | íâ® ¬ ªá¨¬ «ì­®¥
ª®«¨ç¥áâ¢® ¢¥ªâ®à®¢-áâ®«¡æ®¢, ª®â®à®¥ ¬®¦¥â ¡ëâì ¢ «¨­¥©­® ­¥-
§ ¢¨á¨¬®© ¯®¤á¨áâ¥¬¥ A. � ç áâ­®áâ¨, á¨áâ¥¬  ¨§ ®¤­®£® ¨«¨ ­¥-
áª®«ìª¨å ­ã«¥¢ëå ¢¥ªâ®à®¢ ¨¬¥¥â à ­£ 0. �á­®, çâ® à ­£ ®¯à¥¤¥«¥­
¤«ï «î¡®© ª®­¥ç­®© á¨áâ¥¬ë ¢¥ªâ®à®¢-áâ®«¡æ®¢ ¨ ­¥ ¯à¥¢®áå®¤¨â
ª®«¨ç¥áâ¢  áâ®«¡æ®¢ ¢ á¨áâ¥¬¥.18 � á«ãç ¥, ¥á«¨ ¢ á¨áâ¥¬¥ ¨¬¥îâáï
­¥áª®«ìª® à ¢­ëå áâ®«¡æ®¢, ¬®¦­® ®áâ ¢¨âì ®¤¨­ ¨§ ­¨å, ã¤ «¨¢
"ª®¯¨¨" | à ­£ ¯à¨ íâ®¬ ­¥ ¨§¬¥­¨âáï.

�à¥¤«®¦¥­¨¥ 2.5. �®­¥ç­ ï á¨áâ¥¬  A, á®áâ®ïé ï ¨§ k áâ®«¡-
æ®¢, «¨­¥©­® ­¥§ ¢¨á¨¬  ⇔ rgA = k.

B �à §ã á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï. ¤

17�á«¨ A ï¢«ï¥âáï ¯®¤¯à®áâà ­áâ¢®¬ ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢ , â® à ­£ ¯à¨-
­ïâ® ­ §ë¢ âì à §¬¥à­®áâìî ¯®¤¯à®áâà ­áâ¢  A ¨ ®¡®§­ ç âì dimA.

18�¨¦¥ ¬ë ã¢¨¤¨¬, çâ® ¨ ¤«ï «î¡®© ¡¥áª®­¥ç­®© á¨áâ¥¬ë ¢¥ªâ®à®¢-áâ®«¡æ®¢
¨§ Mm×1 ®¯à¥¤¥«¥­ à ­£, ¯à¨ç¥¬ íâ®â à ­£ ­¥ ¯à¥¢®áå®¤¨â m. � ®â«¨ç¨¥ ®â
¯à®áâà ­áâ¢  áâ®«¡æ®¢ ¢ëá®âë m, áãé¥áâ¢ãîâ ¢¥ªâ®à­ë¥ ¯à®áâà ­áâ¢ , á®¤¥à-
¦ é¨¥ á¨áâ¥¬ë ¢¥ªâ®à®¢ ¡¥áª®­¥ç­®£® à ­£  (íâ® ®§­ ç ¥â, çâ® ¤«ï «î¡®£® r
¬®¦­® ¢ë¡à âì «¨­¥©­® ­¥§ ¢¨á¨¬ãî ¯®¤á¨áâ¥¬ã ¨§ r ¢¥ªâ®à®¢).
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�à¥¤«®¦¥­¨¥ 2.6. �ãáâì A1, A2 | ¤¢¥ á¨áâ¥¬ë áâ®«¡æ®¢ ¨§
Mm×1, ¯à¨ç¥¬ rgA1 = r1, rgA2 = r2. �®£¤  rg(A1

⋃A2) 6 r1 + r2.
B �ãáâì íâ® ­¥ â ª, ¨ ¢ ®¡ê¥¤¨­¥­¨¨ ­ ¡®à®¢ A1 ¨ A2 ­ è« áì

«¨­¥©­® ­¥§ ¢¨á¨¬ ï ¯®¤á¨áâ¥¬  ¨§ r1 + r2 + 1 áâ®«¡æ®¢. �® (¯®
®¯à¥¤¥«¥­¨î à ­£  ¨ ¯à¥¤«®¦¥­¨î 2.2) áà¥¤¨ íâ¨å áâ®«¡æ®¢ ­¥ ¡®«¥¥
r1 ¢¥ªâ®à®¢ ¨§ A1, ¨ ­¥ ¡®«¥¥ r2 ¢¥ªâ®à®¢ ¨§ A2. �à®â¨¢®à¥ç¨¥. ¤
�à¥¤«®¦¥­¨¥ 2.7. �ãáâì A,B | ¤¢¥ á¨áâ¥¬ë áâ®«¡æ®¢ ¨§
Mm×1, ¯à¨ç¥¬ A ⊂ B ¨ rgB = r. �®£¤  rgA 6 r.

B �à §ã á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï. ¤
�à¥¤ë¤ãé¥¥ ¯à¥¤«®¦¥­¨¥ ¯®çâ¨ ®ç¥¢¨¤­®: ¥á«¨ ª á¨áâ¥¬¥ áâ®«¡-

æ®¢ A ¤®¡ ¢¨âì ­¥ª®â®àë¥ áâ®«¡æë (à áè¨à¨âì A ¤® á¨áâ¥¬ë B), â®
à ­£ ­¥ ã¬¥­ìè¨âáï. �ª §ë¢ ¥âáï, à ­£ ­¥ ¨§¬¥­¨âáï, ¥á«¨ ª A
¤®¡ ¢«ïâì «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ áâ®«¡æ®¢ ¨§ A (¨ ­ ®¡®à®â, à ­£
­¥ ¨§¬¥­¨âáï, ¥á«¨ ¨§ á¨áâ¥¬ë áâ®«¡æ®¢ ã¤ «¨âì áâ®«¡¥æ, ª®â®àë©
à áª« ¤ë¢ ¥âáï ¯® ®áâ ¢è¨¬áï áâ®«¡æ ¬). �¡®¡é¥­¨¥ íâ®£® ä ªâ 
á®áâ ¢«ï¥â á®¤¥à¦ ­¨¥ á«¥¤ãîé¥© ®á­®¢­®© â¥®à¥¬ë ® à ­£ å. �®-
ª § â¥«ìáâ¢ã â¥®à¥¬ë ¯à¥¤¯®è«¥¬ ¤¢¥ «¥¬¬ë (ª®â®àë¥ ï¢«ïîâáï
ç áâ­ë¬¨ á«ãç ï¬¨ â¥®à¥¬ë).
�¥¬¬  1. �ãáâì A | á¨áâ¥¬  ¢¥ªâ®à®¢-áâ®«¡æ®¢ ¨§ Mm×1, ¯à¨-
ç¥¬ rgA = r. �®£¤  «î¡ ï «¨­¥©­® ­¥§ ¢¨á¨¬ ï ¯®¤á¨áâ¥¬  ¨§ r
áâ®«¡æ®¢ ï¢«ï¥âáï ¡ §¨á­®© ¤«ï A.

B �ãáâì A1, A2, . . . , Ar | ­¥ª®â®à ï «¨­¥©­® ­¥§ ¢¨á¨¬ ï ¯®¤-
á¨áâ¥¬  ¢ A, A | ¯à®¨§¢®«ì­ë© áâ®«¡¥æ ¨§ A. �®áâ â®ç­® ¤®ª § âì,
çâ® A «¨­¥©­® ¢ëà ¦ ¥âáï ç¥à¥§ áâ®«¡æë A1, A2, . . . , Ar.

�§ ®¯à¥¤¥«¥­¨ï à ­£  á«¥¤ã¥â, çâ® á¨áâ¥¬  ¨§ r + 1 áâ®«¡æ®¢ A,
A1, A2, . . . , Ar «¨­¥©­® § ¢¨á¨¬ . �®£¤  ­ ©¤ãâáï ç¨á«  µ, λ1, . . . ,

λr ∈ R, ­¥ ¢á¥ à ¢­ë¥ ­ã«î ¨ â ª¨¥, çâ® µA+
r∑

i=1

λiAi = O. �à¨ íâ®¬
µ 6= 0, ¨­ ç¥ á¨áâ¥¬  A1, A2, . . . , Ar ¡ë«  ¡ë «¨­¥©­® § ¢¨á¨¬®©.
�âáî¤  A = −

r∑
i=1

λi

µ
Ai. ¤

�¥¬¬  2. �ãáâì A1, A2, . . . , Ak | ª®­¥ç­ ï á¨áâ¥¬  ¢¥ªâ®à®¢-
áâ®«¡æ®¢ ¨§ Mm×1, B ∈ 〈A1, A2, . . . , Ak〉. �®£¤  rg(A1, A2, . . . , Ak) =
= rg(A1, A2, . . . , Ak, B).
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B �®«®¦¨¬ r = rg(A1, A2, . . . , Ak) (r 6 k). �à¥¤¯®«®¦¨¬, çâ®
ãâ¢¥à¦¤¥­¨¥ ­¥¢¥à­®, ¨ ¢ á¨áâ¥¬¥ A1, A2, . . . , Ak, B ­ è« áì «¨­¥©­®
­¥§ ¢¨á¨¬ ï ¯®¤á¨áâ¥¬  ¨§ r + 1 ¢¥ªâ®à®¢-áâ®«¡æ®¢. �®£¤  ®¤¨­ ¨§
íâ¨å r + 1 áâ®«¡æ®¢ | íâ® B (â ª ª ª ¢ á¨áâ¥¬¥ A1, A2,. . . , Ak ­¥â
«¨­¥©­® ­¥§ ¢¨á¨¬®© ¯®¤á¨áâ¥¬ë ¨§ r+1 ¢¥ªâ®à®¢-áâ®«¡æ®¢). �â ª,
¯ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ B, A1, A2, . . . , Ar | «¨­¥©­® ­¥§ ¢¨á¨¬ ï
á¨áâ¥¬ . �§ ¯à¥¤«®¦¥­¨ï 2.2 á«¥¤ã¥â, çâ® á¨áâ¥¬  A1, A2, . . . , Ar «¨-
­¥©­® ­¥§ ¢¨á¨¬ , §­ ç¨â, ¯® «¥¬¬¥ 1 ª ¦¤ë© ¨§ ¢¥ªâ®à®¢-áâ®«¡æ®¢
A1, A2, . . . , Ak «¥¦¨â ¢ 〈A1, A2, . . . , Ar〉. �® ãá«®¢¨î B à ¢¥­ «¨-

­¥©­®© ª®¬¡¨­ æ¨¨ ¢¥ªâ®à®¢-áâ®«¡æ®¢ A1, A2, . . . , Ak: B =
k∑

i=1

λiAi.
�®¤áâ ¢¨¢ ¢ íâ® ¢ëà ¦¥­¨¥ à §«®¦¥­¨ï A1, A2, . . . , Ak ¯® áâ®«¡-
æ ¬ A1, A2, . . . , Ar, ¯®«ãç¨¬, çâ® B à áª« ¤ë¢ ¥âáï ¯® ¢¥ªâ®à ¬-
áâ®«¡æ ¬ A1, A2, . . . , Ar. �® íâ® ¯à®â¨¢®à¥ç¨â «¨­¥©­®© ­¥§ ¢¨á¨-
¬®áâ¨ á¨áâ¥¬ë B,A1, A2, . . . , Ar (á¬. ¯à¥¤«®¦¥­¨¥ 2.1). ¤

�¥®à¥¬  2.1 (®á­®¢­ ï â¥®à¥¬  ® à ­£ å). �ãáâì A ¨ B | ¤¢¥
â ª¨¥ á¨áâ¥¬ë ¢¥ªâ®à®¢-áâ®«¡æ®¢ ¨§ Mm×1, çâ® A ⊂ B. �ãáâì
rgA = r. �®£¤  rgB = r ⇔ «î¡®© áâ®«¡¥æ ¨§ B ¯à¨­ ¤«¥¦¨â 〈A〉.

B ⇒ � á¨áâ¥¬¥ A § ä¨ªá¨àã¥¬ ­¥ª®â®àãî «¨­¥©­® ­¥§ ¢¨á¨-
¬ãî ¯®¤á¨áâ¥¬ã A1, A2, . . . , Ar ¨§ r ¢¥ªâ®à®¢. � ª ª ª A1, A2, . . .
. . . , Ar ∈ B ¨ rgB = r, â® ¯® «¥¬¬¥ 1 (¯à¨¬¥­¥­­®© ª á¨áâ¥¬¥ B)
«î¡®© áâ®«¡¥æ ¨§ B «¥¦¨â ¢ 〈A1, A2, . . . , Ar〉 ¨, á«¥¤®¢ â¥«ì­®, ¢ 〈A〉.

⇐ �à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥­¨¥ ­¥¢¥à­®, ¨ ¢ á¨áâ¥¬¥ B ­ -
è« áì «¨­¥©­® ­¥§ ¢¨á¨¬ ï ¯®¤á¨áâ¥¬  ¨§ r + 1 ¢¥ªâ®à®¢-áâ®«¡æ®¢
B1, B2, . . . , Br+1. � ¦¤ë© ¨§ ­¨å «¨­¥©­® ¢ëà ¦ ¥âáï ç¥à¥§ ­¥-
áª®«ìª® (ª®­¥ç­®¥ ç¨á«®) ¢¥ªâ®à®¢-áâ®«¡æ®¢ ¨§ A, ¯®íâ®¬ã ¬®¦­®
¢ë¡à âì ª®­¥ç­ãî á¨áâ¥¬ã áâ®«¡æ®¢ A1, A2, . . . , Al ¨§ A, ç¥à¥§ ª®-
â®àë¥ «¨­¥©­® ¢ëà ¦ ¥âáï ª ¦¤ë© ¨§ ¢¥ªâ®à®¢-áâ®«¡æ®¢ B1, B2,
. . . , Br+1. �®£¤  rg(A1, A2, . . . , Al, B1, B2, . . . , Br+1) > rg(B1, B2, . . .
. . . , Br+1) = r + 1. � ¤àã£®© áâ®à®­ë, ¯à¨¬¥­ïï ¬­®£®ªà â­®
«¥¬¬ã 2, ¨¬¥¥¬: rg(A1, A2, . . . , Al, B1, B2, . . . , Br+1) = rg(A1, A2, . . .
. . . , Al, B1, B2, . . . , Br) = rg(A1, A2, . . . , Al, B1, B2, . . . , Br−1) = . . . =
= rg(A1, A2, . . . , Al) 6 rgA = r. �à®â¨¢®à¥ç¨¥. ¤

�«¥¤áâ¢¨¥ 1 (®¯¨á ­¨¥ ¡ §¨á­ëå ¯®¤á¨áâ¥¬). �ãáâì A | á¨á-
â¥¬  ¢¥ªâ®à®¢-áâ®«¡æ®¢ ¨§ Mm×1, ¨ rgA = r. �®£¤  ¡ §¨á­ë¬¨
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¤«ï A ï¢«ïîâáï ¢ â®ç­®áâ¨ «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ ¯®¤á¨áâ¥¬ë ¨§
r ¢¥ªâ®à®¢-áâ®«¡æ®¢.

�«¥¤áâ¢¨¥ 2. �«ï «î¡®© á¨áâ¥¬ë A ¢¥ªâ®à®¢-áâ®«¡æ®¢ ¨§ Mm×1

¥¥ à ­£ ®¯à¥¤¥«¥­, ¯à¨ç¥¬ rgA 6 m.

B �ç¥¢¨¤­®, rgA 6 rg Mm×1. �®£« á­® ¯à¥¤«®¦¥­¨î 2.4, ¢ ¬­®-
¦¥áâ¢¥ Mm×1 ¢á¥å áâ®«¡æ®¢ ¢ëá®âë m ¨¬¥¥âáï ¡ §¨á­ ï ¯®¤á¨áâ¥¬ 
¨§ m áâ®«¡æ®¢. �âáî¤  rg Mm×1 = m. ¤

�«¥¤áâ¢¨¥ 3. �«ï «î¡®© á¨áâ¥¬ë ¢¥ªâ®à®¢-áâ®«¡æ®¢ A ¨§ Mm×1

¢ë¯®«­¥­® rgA = rg〈A〉.

� ­£ ¬ âà¨æë

�¯à¥¤¥«¥­¨¥. �â®«¡æ®¢ë¬ (áâà®ç­ë¬) à ­£®¬ ¬ âà¨æë ­ §ë-
¢ ¥âáï à ­£ á¨áâ¥¬ë ¥¥ áâ®«¡æ®¢ (áâà®ª).

�â®«¡æ®¢ë© ¨ áâà®ç­ë© ¨ à ­£ ¬ âà¨æë A ®¡®§­ ç¨¬ á®®â¢¥âáâ-
¢¥­­® rgv A ¨ rgh A. �â ª, ¤«ï ¬ âà¨æë (1) ¯® ®¯à¥¤¥«¥­¨î rgv A =
= rg{a•1, a•2, . . . , a•n}, rgh A = rg{a1 •, a2 •, . . . , am •}. � § 4 ¬ë ¤®ª -
¦¥¬, çâ® áâà®ç­ë© ¨ áâ®«¡æ®¢ë© à ­£¨ «î¡®© ¬ âà¨æë à ¢­ë, ¯®á«¥
ç¥£® á¬®¦¥¬ £®¢®à¨âì ® à ­£¥ ¬ âà¨æë rg A (­¥ ãâ®ç­ïï, ª ª®© ¨§
à ­£®¢ rgv A ¨ rgh A ¨¬¥¥âáï ¢ ¢¨¤ã).

�à¥¤«®¦¥­¨¥ 2.8. �á«¨ A′ | ­¥ª®â®à ï ¯®¤¬ âà¨æ  ¬ âà¨æë
A, â® rgv A′ 6 rgv A ¨ rgh A′ 6 rgh A.

B �®áâ â®ç­® ¯®ª § âì, çâ® ¯®á«¥ ¢ëç¥àª¨¢ ­¨ï áâà®ª¨ (¨«¨
áâ®«¡æ ) à ­£¨ rgv ¨ rgh ­¥ ã¢¥«¨ç âáï.

�ç¥¢¨¤­®, çâ® ¯®á«¥ ¢ëç¥àª¨¢ ­¨ï áâà®ª¨ rgh ­¥ ã¢¥«¨ç¨âáï.
�®á«¥ ¢ëç¥àª¨¢ ­¨ï áâà®ª¨ «¨­¥©­® § ¢¨á¨¬ ï ¯®¤á¨áâ¥¬ 

áâ®«¡æ®¢ ®áâ ¥âáï «¨­¥©­® § ¢¨á¨¬®© (¥á«¨ ­¥ª®â®à ï ­¥âà¨¢¨ «ì-
­ ï «¨­¥©­ ï ª®¬¡¨­ æ¨ï ­¥áª®«ìª¨å áâ®«¡æ®¢ ¡ë«  à ¢­  O, â® íâ®
á¢®©áâ¢® á®åà ­¨âáï ¨ ¯®á«¥ ¢ëç¥àª¨¢ ­¨ï áâà®ª¨), á«¥¤®¢ â¥«ì­®,
rgv ­¥ ã¢¥«¨ç¨¢ ¥âáï. ¤

�à¥¤«®¦¥­¨¥ 2.9. �ãáâì A,B ∈ Mm×n. �®£¤  rgv(A + B) 6
6 rgv A + rgv B (¨ rgh(A + B) 6 rgh A + rgh B).
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B rgv(A+B) = rg(a•1+b•1, a•2+b•2, . . . , a•n+b•n) 6 rg(a•1, a•2, . . .
. . . , a•n, b•1, b•2, . . . , b•n, a•1+b•1, a•2+b•2, . . . , a•n+b•n), çâ® à ¢­® (¯®
â¥®à¥¬¥ 2.1) rg(a•1, a•2, . . . , a•n, b•1, b•2, . . . , b•n). �® ¨§ ¯à¥¤«®¦¥­¨ï
2.6 á«¥¤ã¥â, çâ® ¯®á«¥¤­¨© à ­£ ­¥ ¯à¥¢®áå®¤¨â rg(a•1, a•2, . . . , a•n)+
+ rg(b•1, b•2, . . . , b•n) = rgv A + rgv B.

� ááã¦¤¥­¨ï ¤«ï rgh  ­ «®£¨ç­ë. ¤

� ¤ ç¨ ¨ ã¯à ¦­¥­¨ï
1. �ãáâì ¨§¢¥áâ­®, çâ® ­¥ª®â®àë© áâ®«¡¥æ B à áª« ¤ë¢ ¥âáï ¯®

áâ®«¡æ ¬ A1, A2, . . . , Ak ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬. �®ª ¦¨â¥,
çâ® á¨áâ¥¬  A1, A2, . . . , Ak «¨­¥©­® ­¥§ ¢¨á¨¬ .

2. �ãáâì A, B ∈ Mm×n. �®¦¥â «¨ ®ª § âìáï, çâ® rg A = 10,
rg B = 5, rg(A + B) = 3?

3. �®ª ¦¨â¥, çâ® ¬ âà¨æã à ­£  r ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
áã¬¬ë r ¬ âà¨æ à ­£  1.

4. � ©¤¨â¥ ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ¬ âà¨æ, ª®â®à®¥ ¬®¦¥â ¡ëâì
¢ «¨­¥©­® ­¥§ ¢¨á¨¬®© ¯®¤á¨áâ¥¬¥  ) á¨¬¬¥âà¨ç¥áª¨å; ¡) ª®-
á®á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ ¯®àï¤ª  n.

§ 3. �¬­®¦¥­¨¥ ¬ âà¨æ
�¯à¥¤¥«¥­¨¥, ®á­®¢­ë¥ á¢®©áâ¢  ¨ ¯à¨¬¥àë

�¯à¥¤¥«¨¬ ã¬­®¦¥­¨¥ áâà®ª¨ ¤«¨­ë n ­  áâ®«¡¥æ ¢ëá®âë n.

�¯à¥¤¥«¥­¨¥. �à®¨§¢¥¤¥­¨¥¬
(
a1 a2 . . . an

)



b1

b2

...
bn


 ­ §ë¢ -

¥âáï ç¨á«® (â® ¥áâì ¬ âà¨æ  à §¬¥à  1× 1) c =
n∑

i=1

aibi.

�¯à¥¤¥«¥­¨¥. �à®¨§¢¥¤¥­¨¥¬ ¬ âà¨æë A = (aij) ∈ Mm×n ­ 
¬ âà¨æã B = (bjk) ∈ Mn×p ­ §ë¢ ¥âáï ¬ âà¨æ  (cik) ∈ Mm×p, ¢
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ª®â®à®© cik = ai •b•k ¤«ï ¢á¥å i ∈ {1, 2, . . . ,m}, k ∈ {1, 2, . . . , p}.
� ª¨¬ ®¡à §®¬, ¯à®¨§¢¥¤¥­¨¥ AB ®¯à¥¤¥«¥­®, ¥á«¨ ç¨á«® áâ®«¡-

æ®¢ ¬ âà¨æë A à ¢­® ç¨á«ã áâà®ª ¬ âà¨æë B. �¯¥à æ¨î, á®¯®áâ ¢-
«ïîéãî ã¯®àï¤®ç¥­­®© ¯ à¥ ¬ âà¨æ A ¨ B ¨å ¯à®¨§¢¥¤¥­¨¥, ¡ã¤¥¬
­ §ë¢ âì ®¯¥à æ¨¥© ã¬­®¦¥­¨ï.19

�¥®à¥¬  3.1. ∀ A,A′ ∈ Mm×n, ∀ B, B′ ∈ Mn×p, ∀ C ∈ Mp×q,
∀ λ ∈ R ¢ë¯®«­¥­ë à ¢¥­áâ¢ :20

1) (AB)C = A(BC);
2) A(B + B′) = AB + AB′;
3) (A + A′)B = AB + A′B;
4) λ(AB) = (λA)B = A(λB);
5) (AB)T = BT AT .

B �¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª .21 ¤
19�®«¥¥ â®ç­®, ã¬­®¦¥­¨¥ | íâ® ®â®¡à ¦¥­¨¥ ϕ : Mm×n ×Mn×p → Mm×p,

¯à¨ ª®â®à®¬ ϕ(A, B) = AB.
�à¨¢¥¤¥¬ ­¥áª®«ìª® ¯à¨¬¥à®¢, ¬®â¨¢¨àãîé¨å â ª®¥ ®¯à¥¤¥«¥­¨¥ ã¬­®¦¥­¨ï
¬ âà¨æ.
1. �á«¨ X ¨ Y | ª®®à¤¨­ â­ë¥ áâ®«¡æë ¢¥ªâ®à®¢ a ¨ b ¢ ®àâ®­®à¬¨à®¢ ­­®¬
¡ §¨á¥, â® áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ (a,b) à ¢­® XT Y .
2. �à®¨§¢¥¤¥­¨¥ ¬ âà¨æ ¯¥à¥å®¤  ®â ¡ §¨á  e ª e′ ¨ ®â e′ ª e′′ | ¬ âà¨æ  ¯¥à¥-
å®¤  ®â e ª e′′.
3. � âà¨æ  ª®¬¯®§¨æ¨¨ «¨­¥©­ëå ®â®¡à ¦¥­¨© ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢ à ¢­ 
¯à®¨§¢¥¤¥­¨î ¬ âà¨æ íâ¨å «¨­¥©­ëå ®â®¡à ¦¥­¨©.
4. � âà¨ç­ ï § ¯¨áì ¡¨«¨­¥©­®© äã­ªæ¨¨ XT BY , £¤¥ X ¨ Y | ª®®à¤¨­ â­ë¥
áâ®«¡æë ¢¥ªâ®à®¢,   B | ¬ âà¨æ  ¡¨«¨­¥©­®© äã­ªæ¨¨. � ª¦¥ ¢ ¬ âà¨ç­®¬
¢¨¤¥ ¨­®£¤  ã¤®¡­® § ¯¨áë¢ îâáï ª¢ ¤à â¨ç­ë¥ äã­ªæ¨¨, ãà ¢­¥­¨ï  «£¥¡à ¨-
ç¥áª¨å ªà¨¢ëå ¨ ¯®¢¥àå­®áâ¥© ¢â®à®£® ¯®àï¤ª .
5. � âà¨ç­ ï § ¯¨áì AX = b á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© | á¬. §5.

20�¢®©áâ¢® 1) |  áá®æ¨ â¨¢­®áâì ã¬­®¦¥­¨ï, á¢®©áâ¢  2) ¨ 3) | ¤¨áâà¨¡ã-
â¨¢­®áâ¨ ã¬­®¦¥­¨ï ¯® á«®¦¥­¨î.

21�à®¢¥à¨¬, ­ ¯à¨¬¥à, 1), 3) ¨ 5). �ãáâì A = (aij), A′ = (a′ij), B = (bjk),
C = (ckl).
1) �ãáâì AB = (dik), (AB)C = (fil), BC = (gjl), A(BC) = (hil). �®£¤  fil =

=
p∑

k=1
dikckl =

p∑
k=1

n∑
j=1

aijbjkckl =
n∑

j=1

p∑
k=1

aijbjkckl =
n∑

j=1
aijgjl = hil.

3) �ãáâì AB = (dik), A + A′ = (fij), (A + A′)B = (gik), A′B = (d′ik), AB + A′B =

= (hik). �®£¤  gik =
n∑

j=1
fijbjk =

n∑
j=1

(aij + a′ij)bjk =
n∑

j=1
aijbjk +

n∑
j=1

a′ijbjk =

= dik + d′ik = hik.
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� áá¬®âà¨¬ ­¥ª®â®àë¥ ¬ âà¨æë, ã¬­®¦¥­¨¥ ­  ª®â®àë¥ ¢ë£«ï-
¤¨â ®á®¡¥­­® ¯à®áâ®.

�¬­®¦¥­¨¥ «î¡®© ¬ âà¨æë á¯à ¢  ¨«¨ á«¥¢  ­  ­ã«¥¢ãî ¬ â-
à¨æã (¯®¤å®¤ïé¥£® à §¬¥à ) ®ç¥¢¨¤­® ¯à¨¢®¤¨â ª ­ã«¥¢®© ¬ âà¨æ¥
á®®â¢¥âáâ¢ãîé¥£® à §¬¥à .

�à¨ ã¬­®¦¥­¨¨ ¬ âà¨æë A = (aij) ∈ Mm×n á«¥¢  ­ 
diag(λ1, λ2, . . . , λm) i-ï áâà®çª  ã¬­®¦ ¥âáï ­  λi,   ¯à¨ ã¬­®¦¥-
­¨¨ ­  diag(µ1, µ2, . . . , µn) á¯à ¢  j-© áâ®«¡¥æ ã¬­®¦ ¥âáï ­  µj .22

� ª, ã¬­®¦¥­¨¥ ¬ âà¨æë á«¥¢  ¨«¨ á¯à ¢  ­  áª «ïà­ãî ¬ âà¨æã
diag(λ, λ, . . . , λ) à ¢­®á¨«ì­® ã¬­®¦¥­¨î ­  λ, ¢ ç áâ­®áâ¨, EmA =
= AEn = A.23

� ª á«¥¤ã¥â ¨§ ¯ã­ªâ  1) â¥®à¥¬ë 3.1, ¯à®¨§¢¥¤¥­¨¥ ­¥áª®«ìª¨å
¬ âà¨æ (¥á«¨ íâ® ¯à®¨§¢¥¤¥­¨¥ ¢®§¬®¦­® ¢ë¯®«­¨âì) A1A2 . . . Ak ­¥
§ ¢¨á¨â ®â à ááâ ­®¢ª¨ áª®¡®ª.24

�á«¨ A ∈ Mn×n, â® ¬®¦­® ®¯à¥¤¥«¨âì s-î áâ¥¯¥­ì ¬ âà¨æë ¤«ï
­ âãà «ì­ëå s: As = AA . . . A︸ ︷︷ ︸

s ¡ãª¢ A

. � ª¦¥ ¯®«®¦¨¬ A0 = E. �¥âàã¤­®

¢¨¤¥âì, çâ® ¤«ï æ¥«ëå ­¥®âà¨æ â¥«ì­ëå s, t ¢¥à­ë à ¢¥­áâ¢  As+t =
= AsAt, Ast = (As)t.

� ¢¥­áâ¢® AB = BA ¤«ï ¬ âà¨æ, ¢®®¡é¥ £®¢®àï, ­¥ ¢ë¯®«­¥­®.
� ¯à¨¬¥à, ¯à®¨§¢¥¤¥­¨¥ AB ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­®,   BA | ­¥â.
� á«ãç ¥ A ∈ Mm×n, B ∈ Mn×m, m 6= n, ®¡  ¯à®¨§¢¥¤¥­¨ï AB ¨ BA
®¯à¥¤¥«¥­ë, ­® ï¢«ïîâáï ¬ âà¨æ ¬¨ à §­ëå à §¬¥à®¢. � ¦¥ ¥á«¨
A ¨ B | ª¢ ¤à â­ë¥ ¬ âà¨æë ¯®àï¤ª  n (â®£¤  ®¡  ¯à®¨§¢¥¤¥­¨ï
AB ¨ BA ®¯à¥¤¥«¥­ë ¨ ï¢«ïîâáï ª¢ ¤à â­ë¬¨ ¬ âà¨æ ¬¨ ¯®àï¤ª 
n), ¢®§¬®¦­® AB ­¥ à ¢­® BA, ­ ¯à¨¬¥à:

(
0 1
0 0

) (
0 0
0 1

)
=

(
0 1
0 0

)
, ­®

(
0 0
0 1

)(
0 1
0 0

)
=

(
0 0
0 0

)
.

�§ ¯à¨¢¥¤¥­­®£® ¯à¨¬¥à  ¢¨¤¨¬ â ª¦¥, çâ® ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ­¥-
5) �ãáâì AB = (dik), (AB)T = (fki), AT = (gji), BT = (hkj), BT AT = (tki).
�®£¤  fki = dik =

n∑
j=1

aijbjk =
n∑

j=1
gjihkj = tki.

22�¡é ï á¨âã æ¨ï ¢¨¤­  ¢ ¯à¥¤«®¦¥­¨¨ 3.2.
23�âáî¤  ¯®­ïâ¥­ á¬ëá« â¥à¬¨­®¢ "áª «ïà­ ï" ¨ "¥¤¨­¨ç­ ï".
24�®à¬ «ì­®¥ ¤®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ¬®¦­® ¯à®¢¥áâ¨ â ª ¦¥, ª ª ¨ ¢

á«ãç ¥ ¯à®¨§¢¥¤¥­¨ï ®â®¡à ¦¥­¨© (á¬. ¯à¨«®¦¥­¨¥).
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­ã«¥¢ëå ¬ âà¨æ ¬®¦¥â ®ª § âìáï ­ã«¥¢®© ¬ âà¨æ¥©.
�®¢®àïâ, çâ® ¬ âà¨æë A ¨ B ¯¥à¥áâ ­®¢®ç­ë, ¥á«¨ AB = BA.

�®¦­® ®¯à¥¤¥«¨âì §­ ç¥­¨¥ ¬­®£®ç«¥­  f(x) =
n∑

i=0

aix
i ®â ª¢ ¤-

à â­®© ¬ âà¨æë A: ¯®«®¦¨¬ f(A) =
n∑

i=0

aiA
i. �¥âàã¤­® ¯®¢¥à¨âì,

çâ® ¤«ï ¬­®£®ç«¥­®¢ f , g, h â ª¨å, çâ® h(x) = f(x)g(x), ¢¥à­® h(A) =
= f(A)g(A) = g(A)f(A). � ç áâ­®áâ¨, ¬ âà¨æ  A ¯¥à¥áâ ­®¢®ç­  á
«î¡ë¬ ¬­®£®ç«¥­®¬ ®â ­¥¥.

�­®£¤  ¬ âà¨æë ¥áâ¥áâ¢¥­­® à §¡¨¢ îâáï ­  ¡«®ª¨. � ¯à¨-
¬¥à, à áá¬®âà¨¬ ¡«®ç­ãî ¬ âà¨æã A =

(
A11 A12

A21 A22

)
, £¤¥ Aij ∈

∈ Mki×lj (k1, k2, l1, l2 | ­¥ª®â®àë¥ ­ âãà «ì­ë¥ ç¨á« ). �ª §ë-
¢ ¥âáï, ¬®¦­® ®áãé¥áâ¢«ïâì "¡«®ç­®¥" ¯¥à¥¬­®¦¥­¨¥ ¬ âà¨æ á á®-
£« á®¢ ­­®© ¡«®ç­®© áâàãªâãà®©. � ¯à¨¬¥à, ¯à®¨§¢¥¤¥­¨¥ ¡«®ç­ëå
¬ âà¨æ AB, £¤¥ B | ¡«®ç­ ï ¬ âà¨æ  B =

(
B1

B2

)
(B1 ∈ Ml1×p,

B2 ∈ Ml2×p), ¬®¦­® ¢ëç¨á«ïâì25 ª ª AB =
(

A11B1 + A12B2

A21B1 + A22B2

)
.

�¡à â¨¬ë¥ ¬ âà¨æë. �¡à â­ ï ¬ âà¨æ 
�«ï ­¥ª®â®àëå ª¢ ¤à â­ëå ¬ âà¨æ ã¤ ¥âáï ®¯à¥¤¥«¨âì ®¯¥à æ¨î

®¡à é¥­¨ï.26

�¯à¥¤¥«¥­¨¥. � âà¨æ  B ∈ Mn×n ­ §ë¢ ¥âáï ®¡à â­®© ¤«ï ¬ â-
à¨æë A ∈ Mn×n, ¥á«¨ BA = AB = E.

�¯à¥¤¥«¥­¨¥. � âà¨æ  A ∈ Mn×n ­ §ë¢ ¥âáï ®¡à â¨¬®©, ¥á«¨
¤«ï ­¥¥ áãé¥áâ¢ã¥â ®¡à â­ ï ¬ âà¨æ .

25� ®¡é¥¬ á«ãç ¥, ¯ãáâì A = (Aij), i = 1, 2, . . . , m, j = 1, 2, . . . n, £¤¥ Aij |
¬ âà¨æ  à §¬¥à  ri × sj , B = (Bjk), j = 1, 2, . . . , n, k = 1, 2, . . . p, £¤¥ Bjk | ¬ â-
à¨æ  à §¬¥à  sj × tk. �®£¤  AB = (Cik), £¤¥ Cik =

n∑
j=1

AijBjk. �®ª § â¥«ìáâ¢®

¯à®¢®¤¨âáï ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®©.
26�¨¦¥ ¬ë ã¢¨¤¨¬, çâ® ­¥¢®§¬®¦­®áâì ®¡à â¨âì ¬ âà¨æã íª¢¨¢ «¥­â­  ¥¥

¢ëà®¦¤¥­­®áâ¨ (§ 4) ¨«¨ à ¢¥­áâ¢ã ­ã«î ®¯à¥¤¥«¨â¥«ï (§ 6).
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�®¦­® ¯®¯à®¡®¢ âì ®á« ¡¨âì ãá«®¢¨¥ ®¡à â¨¬®áâ¨: áª ¦¥¬, çâ®
¬ âà¨æ  B ∈ Mn×n ï¢«ï¥âáï «¥¢®© ®¡à â­®© ¤«ï ¬ âà¨æë A ∈
∈ Mn×n, ¥á«¨ BA = E; ª¢ ¤à â­ë¥ ¬ âà¨æë, ¨¬¥îé¨¥ «¥¢ãî ®¡-
à â­ãî, ­ §®¢¥¬ ®¡à â¨¬ë¬¨ á«¥¢ . �­ «®£¨ç­® ®¯à¥¤¥«¨¬ ®¡à -
â¨¬ë¥ á¯à ¢  ¬ âà¨æë. �¤­ ª® ­¨¦¥ ¡ã¤¥â ¤®ª § ­® (á¬. â¥®à¥¬ã
4.3), çâ® ¤«ï ®¡à â¨¬®áâ¨ ª¢ ¤à â­®© ¬ âà¨æë ¤®áâ â®ç­® ¯®âà¥¡®-
¢ âì, çâ®¡ë ®­  ¡ë«  ®¡à â¨¬  á«¥¢  ¨«¨ á¯à ¢ .27

�à¥¤«®¦¥­¨¥ 3.1. �«ï ®¡à â¨¬®© ¬ âà¨æë A ∈ Mn×n áãé¥áâ-
¢ã¥â ¥¤¨­áâ¢¥­­ ï «¥¢ ï ®¡à â­ ï ¬ âà¨æ  ¨ ¥¤¨­áâ¢¥­­ ï ¯à -
¢ ï ®¡à â­ ï ¬ âà¨æ , ¯à¨ç¥¬ ®­¨ à ¢­ë.

B �ãáâì B | ­¥ª®â®à ï «¥¢ ï ®¡à â­ ï ¬ âà¨æ  ¤«ï A, C | ­¥-
ª®â®à ï ¯à ¢ ï ®¡à â­ ï ¬ âà¨æ  ¤«ï A. �®£¤  B = BE = B(AC) =
= (BA)C = EC = C. �â ª, ª ¦¤ ï «¥¢ ï ®¡à â­ ï ¬ âà¨æ  á®¢¯ -
¤ ¥â á C, ¨, §­ ç¨â, ®­  ¥¤¨­áâ¢¥­­ . �­ «®£¨ç­®, ¯à ¢ ï ®¡à â­ ï
¬ âà¨æ  ¥¤¨­áâ¢¥­­ . ¤

� ª¨¬ ®¡à §®¬, ¤«ï ®¡à â¨¬®© ¬ âà¨æë A áãé¥áâ¢ã¥â ¥¤¨­áâ-
¢¥­­ ï ®¡à â­ ï ¬ âà¨æ  (®­  ¦¥ ¥¤¨­áâ¢¥­­ ï «¥¢ ï ®¡à â­ ï ¨
¥¤¨­áâ¢¥­­ ï ¯à ¢ ï ®¡à â­ ï) | ¡ã¤¥¬ ®¡®§­ ç âì ¥¥ A−1.

�¥®à¥¬  3.2. �ãáâì A,B ∈ Mn×n | ®¡à â¨¬ë¥ ¬ âà¨æë. �®£¤ 
1) A−1 ®¡à â¨¬ , ¯à¨ç¥¬ (A−1)−1 = A;
2) AB ®¡à â¨¬ , ¯à¨ç¥¬ (AB)−1 = B−1A−1;
3) AT ®¡à â¨¬ , ¯à¨ç¥¬ (AT )−1 = (A−1)T .

B �¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï, çâ® ¬ âà¨æë A, B−1A−1,
(A−1)T ï¢«ïîâáï ®¡à â­ë¬¨ ¤«ï ¬ âà¨æ A−1, AB, AT á®®â¢¥âáâ-
¢¥­­®.28 ¤

27�­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ ¢¥à­® ¤«ï ®¡à â¨¬®áâ¨ «¨­¥©­ëå ®â®¡à ¦¥­¨©
ª®­¥ç­®¬¥à­ëå ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢ (¢¢¨¤ã á®®â¢¥âáâ¢¨ï ã¬­®¦¥­¨ï ¬ âà¨æ
¨ «¨­¥©­ëå ®â®¡à ¦¥­¨©), ­® ­¥¢¥à­®¥ ¤«ï ¯à®¨§¢®«ì­ëå ®â®¡à ¦¥­¨© | á¬.
¯à¨«®¦¥­¨¥.

28�à®¢¥à¨¬, ­ ¯à¨¬¥à, 2) ¨ 3).
2) (B−1A−1)(AB) = B−1(A−1A)B = B−1EB = B−1B = E. �­ «®£¨ç­® ¯à®¢¥-
àï¥âáï, çâ® (AB)(B−1A−1) = E.
3) (A−1)T AT = (AA−1)T = ET = E. �­ «®£¨ç­® AT (A−1)T = E.
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�«¥¤áâ¢¨¥. �á«¨ A1, A2, . . . , Ak ∈ Mn×n | ®¡à â¨¬ë¥ ¬ âà¨æë,
â® A1A2 . . . Ak ®¡à â¨¬ , ¯à¨ç¥¬ (A1A2 . . . Ak)−1 = A−1

k A−1
k−1 . . .

. . . A−1
1 .

�á«¨ A ∈ Mn×n | ®¡à â¨¬ ï ¬ âà¨æ , â® ¬®¦­® ®¯à¥¤¥«¨âì As

¨ ¤«ï ­¥¯®«®¦¨â¥«ì­ëå æ¥«ëå s: ¯®«®¦¨¬ A0 = En, As = (A−1)−s,
¥á«¨ s | æ¥«®¥ ®âà¨æ â¥«ì­®¥. �¥âàã¤­® ¯à®¢¥à¨âì, çâ® ∀ s, t ∈ Z
¢¥à­ë à ¢¥­áâ¢  As+t = AsAt ¨ Ast = (As)t.

�¬­®¦¥­¨¥ ¬ âà¨æ ¨ à ­£
�à¥¤«®¦¥­¨¥ 3.2. �ãáâì A ∈ Mm×n, B ∈ Mn×p. �®£¤ 

1) ª ¦¤ë© áâ®«¡¥æ ¬ âà¨æë AB «¨­¥©­® ¢ëà ¦ ¥âáï ç¥à¥§
áâ®«¡æë ¬ âà¨æë A;

2) ª ¦¤ ï áâà®ª  ¬ âà¨æë AB «¨­¥©­® ¢ëà ¦ ¥âáï ç¥à¥§
áâà®ª¨ ¬ âà¨æë B.

B 1) �ãáâì B = (bjk), ¨ (a•1 . . . a•n), (c•1 . . . c•p) | áâ®«¡æ®¢ë¥
§ ¯¨á¨ ¬ âà¨æ A ¨ C = AB. �®£¤  ¯® ®¯à¥¤¥«¥­¨î ã¬­®¦¥­¨ï ¬ â-
à¨æ c•k =

n∑
j=1

a•jbjk, â® ¥áâì k-© áâ®«¡¥æ ¬ âà¨æë C à ¢¥­ «¨­¥©­®©

ª®¬¡¨­ æ¨¨ áâ®«¡æ®¢ A á ª®íää¨æ¨¥­â ¬¨ ¨§ k-£® áâ®«¡æ  ¬ âà¨æë
B.

2) �®ª §ë¢ ¥âáï  ­ «®£¨ç­® 1), «¨¡® á¢®¤¨âáï ª 1) âà ­á¯®­¨à®-
¢ ­¨¥¬ ¬ âà¨æ ((AB)T = BT AT ). ¤

�à¥¤«®¦¥­¨¥ 3.3. �ãáâì A ∈ Mm×n, B ∈ Mn×p. �®£¤ 
rgv(AB) 6 rgv A ¨ rgh(AB) 6 rgh B.

B �®ª ¦¥¬ ­¥à ¢¥­áâ¢® ¯à® rgh (à ááã¦¤¥­¨ï ¯à® rgv  ­ «®-
£¨ç­ë).

�ãáâì c1 •, c2 •, . . . , cm • | áâà®ª¨ ¬ âà¨æë AB. �®£¤  rgh(AB) =
= rg(c1 •, c2 •, . . . , cm •) 6 rg(c1 •, c2 •, . . . , cm •, b1 •, b2 •, . . . , bn•). �®-
£« á­® ¯à¥¤«®¦¥­¨î 3.2, ª ¦¤ ï ¨§ áâà®ª c1 •, c2 •, . . . , cm • à ¢­ 
«¨­¥©­®© ª®¬¡¨­ æ¨¨ áâà®ª b1 •, b2 •, . . . , bn•, ¯®íâ®¬ã ¨§ â¥®à¥¬ë 2.1
¢ëâ¥ª ¥â, çâ® rg(c1 •, c2 •, . . . , cm •, b1 •, b2 •, . . . , bn•) = rg(b1 •, b2 •, . . .
. . . , bn•) = rgh B. ¤
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�«¥¤ãîé¥¥ ¯à¥¤«®¦¥­¨¥ ¯®ª §ë¢ ¥â, çâ® à ­£ ­¥ ¬¥­ï¥âáï ¯à¨
¤®¬­®¦¥­¨¨ ­  ®¡à â¨¬ãî ¬ âà¨æã.

�à¥¤«®¦¥­¨¥ 3.4. �ãáâì B ∈ Mm×n | ¯à®¨§¢®«ì­ ï ¬ âà¨æ ,  
A ∈ Mm×m ¨ C ∈ Mn×n | ®¡à â¨¬ë¥ ¬ âà¨æë. �®£¤  rgh(AB) =
= rgh B ¨ rgv(BC) = rgv B.

B �® ¯à¥¤«®¦¥­¨î 3.3 rgh B > rgh(AB) > rgh(A−1AB) =
= rgh(EB) = rgh B. �­ «®£¨ç­®, rgv B > rgv(BC) > rgv(BCC−1) =
= rgh(BE) = rgv B. ¤

� ¤ ç¨ ¨ ã¯à ¦­¥­¨ï

1. �®«®¦¨¬ A =
(

1 −2 0
2 3 −1

)
, C =



−1 2 2
2 −1 2
2 2 −1


. �ëç¨á-

«¨â¥ ACAT .

2. �ëç¨á«¨â¥ (SAS−1)100, ¥á«¨ A =
(

2 0
0 −1

)
, S =

(
1 1
1 −1

)
.

3. �ã¬¬  ¢á¥å ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ¬ âà¨æë A ­ §ë¢ ¥âáï
¥¥ á«¥¤®¬ ¨ ®¡®§­ ç ¥âáï trA. �®ª ¦¨â¥, çâ® ¤«ï «î¡ëå ¬ â-
à¨æ A ∈ Mm×n ¨ B ∈ Mn×m ¢ë¯®«­¥­® à ¢¥­áâ¢® tr(AB) =
= tr(BA).

4. �®ª ¦¨â¥, çâ® ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ ï¢-
«ï¥âáï á¨¬¬¥âà¨ç¥áª®© ¬ âà¨æ¥© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
íâ¨ ¬ âà¨æë ¯¥à¥áâ ­®¢®ç­ë.

5. �«ï A ∈ Mn×n ¯®«®¦¨¬ CA = {X ∈ Mn×n |AX = XA}.
 ) �®ª ¦¨â¥, çâ® CA = Mn×n ⇔ A | áª «ïà­ ï ¬ âà¨æ .
¡) �®ª ¦¨â¥, çâ® ¥á«¨ A = diag(λ1, . . . , λn), £¤¥ λ1, . . . , λn |
¯®¯ à­® à §«¨ç­ë¥ ç¨á« , â® CA | ¬­®¦¥áâ¢® ¢á¥å ¤¨ £®­ «ì-
­ëå ¬ âà¨æ n× n.

6. �ãáâì A = diag(λ1, . . . , λn), £¤¥ λi | ¯®¯ à­® à §«¨ç­ë¥ ç¨á« .
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�®ª ¦¨â¥, çâ® «î¡ ï ¤¨ £®­ «ì­ ï ¬ âà¨æ  ¯®àï¤ª  n ï¢«ï-
¥âáï ¬­®£®ç«¥­®¬ ®â A.29

7.  ) �®ª ¦¨â¥, çâ® ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ¢¥àå­¥âà¥ã£®«ì­ëå ¬ â-
à¨æ | ¢¥àå­¥âà¥ã£®«ì­ ï ¬ âà¨æ .
¡) �®ª ¦¨â¥, çâ® ¥á«¨ A ∈ Mn×n | ¢¥àå­¥âà¥ã£®«ì­ ï ¬ â-
à¨æ , ã ª®â®à®© ¢á¥ í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ à ¢­ë 0, â®
An = O.

¢) �ëç¨á«¨â¥ (E + A)10, ¥á«¨ A =




0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0


.

8. �ãáâì A ∈ Mn×n â ª®¢ , çâ® Am = O. �®ª ¦¨â¥, çâ® ¬ âà¨æ 
E −A ®¡à â¨¬ .

9. �®ª ¦¨â¥, çâ® ¯à¨ m < n ¬ âà¨æ  A ∈ Mm×n ­¥ ¬®¦¥â ¨¬¥âì
"«¥¢®© ®¡à â­®©" ¬ âà¨æë (â® ¥áâì ­¥ áãé¥áâ¢ã¥â ¬ âà¨æë B ∈
∈ Mn×m â ª®©, çâ® BA = En).

§ 4. �«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨ ¨å
¯à¨¬¥­¥­¨¥

�«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨ í«¥¬¥­â à­ë¥
¬ âà¨æë
�¯à¥¤¥«¨¬ âà¨ â¨¯  í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨©30 áâà®ª ¬ â-

à¨æë A ∈ Mm×n. (�­ «®£¨ç­® ¢¢®¤ïâáï í«¥¬¥­â à­ë¥ ¯à¥®¡à §®-
¢ ­¨ï áâ®«¡æ®¢.)

I â¨¯: áâà®ª¨ ai • ¨ aj• (i 6= j) ¬¥­ïîâáï ¬¥áâ ¬¨ (®áâ «ì­ë¥
áâà®ª¨ ®áâ îâáï ¡¥§ ¨§¬¥­¥­¨ï). �¡®§­ ç¨¬ íâ® ¯à¥®¡à §®¢ ­¨¥ P̃ij .

II â¨¯: áâà®ª  ai • ã¬­®¦ ¥âáï ­  ç¨á«® λ 6= 0. �¡®§­ ç¨¬ íâ®
¯à¥®¡à §®¢ ­¨¥ D̃i(λ).

29�­â¥à¥á¥­ ¢®¯à®á ®¡ ®¯¨á ­¨¨ ¢á¥å ¬ âà¨æ A, ¤«ï ª®â®àëå CA (á¬. § ¤ çã
5) á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ ¬­®£®ç«¥­®¢ ®â A.

30�®à¬ «ì­® £®¢®àï, ª ¦¤®¥ í«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥ | íâ® ®â®¡à ¦¥­¨¥
Mm×n → Mm×n.
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III â¨¯: ª áâà®ª¥ ai • ¯à¨¡ ¢«ï¥âáï áâà®ª  λaj• (i 6= j, λ ∈ R)
(¢á¥ áâà®ª¨, ªà®¬¥ i-©, ®áâ îâáï ¡¥§ ¨§¬¥­¥­¨ï). �¡®§­ ç¨¬ íâ®
¯à¥®¡à §®¢ ­¨¥ T̃ij(λ).

�¯à¥¤¥«¨¬ ª¢ ¤à â­ë¥ í«¥¬¥­â à­ë¥ ¬ âà¨æë ¯®àï¤ª  m âà¥å
â¨¯®¢ ª ª à¥§ã«ìâ â ¯à¨¬¥­¥­¨ï ª ¥¤¨­¨ç­®© ¬ âà¨æ¥ E = Em á®-
®â¢¥âáâ¢ãîé¥£® í«¥¬¥­â à­®£® ¯à¥®¡à §®¢ ­¨ï.

I â¨¯: Pij = P̃ij(E). � ¬¥â¨¬, çâ® Pij ®â«¨ç ¥âáï ®â ¥¤¨­¨ç­®©
¬ âà¨æë «¨èì ¢ ç¥âëà¥å í«¥¬¥­â å, à á¯®«®¦¥­­ëå ­  ¯¥à¥á¥ç¥­¨¨
i-© ¨ j-© áâà®ª á i-¬ ¨ j-¬ áâ®«¡æ ¬¨; áª ¦¥¬, ¤«ï m = 5 ¨¬¥¥¬

P14 =




0 0 0 1 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 0 1




.

II â¨¯: Di(λ) = D̃i(λ)(E) = diag(1, 1, . . . , 1, λ, 1, . . . , 1) (λ ­  i-¬
¬¥áâ¥).

III â¨¯: Tij(λ) = T̃ij(λ)(E). � âà¨æ  Tij(λ) ®â«¨ç ¥âáï ®â ¥¤¨-
­¨ç­®© ¬ âà¨æë «¨èì í«¥¬¥­â®¬, à ¢­ë¬ λ, à á¯®«®¦¥­­ë¬ ­  ¯¥-
à¥á¥ç¥­¨¨ i-© áâà®ª¨ ¨ j-£® áâ®«¡æ , áª ¦¥¬, ¤«ï m = 5 ¨¬¥¥¬

T25(λ) =




1 0 0 0 0
0 1 0 0 λ
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




.

�à¥¤«®¦¥­¨¥ 4.1. �á«¨ S | í«¥¬¥­â à­ ï ¬ âà¨æ , â® ST |
í«¥¬¥­â à­ ï ¬ âà¨æ  â®£® ¦¥ â¨¯ , çâ® ¨ S.

B PT
ij = Pij ; Di(λ)T = Di(λ); Tij(λ)T = Tji(λ). ¤

�à¥¤«®¦¥­¨¥ 4.2. �«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥ áâà®ª à ¢­®-
á¨«ì­® ã¬­®¦¥­¨î á«¥¢  ­  á®®â¢¥âáâ¢ãîéãî í«¥¬¥­â à­ãî
¬ âà¨æã.
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B �«ï ¯à®¨§¢®«ì­®© ¬ âà¨æë A ∈ Mm×n ­¥¯®áà¥¤áâ¢¥­­®
¯à®¢¥àïîâáï (ª ª ¢ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥­¨ï 3.2) à ¢¥­áâ¢ 
P̃ij(A) = PijA, D̃i(λ)(A) = Di(λ)A, T̃ij(λ)(A) = Tij(λ)A. ¤

�à¥¤«®¦¥­¨¥ 4.3. 1) �«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥ áâà®ª ®¡à -
â¨¬®, ¯à¨ç¥¬ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ ï¢«ï¥âáï í«¥¬¥­â à­ë¬
¯à¥®¡à §®¢ ­¨¥¬ áâà®ª.

2) �«¥¬¥­â à­ ï ¬ âà¨æ  ®¡à â¨¬ , ¯à¨ç¥¬ ®¡à â­ ï ¬ â-
à¨æ  ï¢«ï¥âáï í«¥¬¥­â à­®©.

B 1) �¥£ª® ¯à®¢¥à¨âì, çâ® P̃−1
ij = P̃ij , D̃i(λ)−1 = D̃i(λ−1),

T̃ij(λ)−1 = T̃ij(−λ).
2) �§ 1) ¨ ¯à¥¤«®¦¥­¨ï 4.2 á«¥¤ã¥â,31 çâ® Pij

−1 = Pij , Di(λ)−1 =
= Di(λ−1), Tij(λ)−1 = Tij(−λ). ¤

�¥â®¤ � ãáá 
� ª ¦¤®© ­¥­ã«¥¢®© áâà®ª¥ ¬ âà¨æë ¬®¦­® ¢ë¤¥«¨âì ¯¥à¢ë©

­¥­ã«¥¢®© í«¥¬¥­â, ª®â®àë© ¡ã¤¥¬ ­ §ë¢ âì ¢¥¤ãé¨¬. � ª¨¬ ®¡à -
§®¬, í«¥¬¥­â aij ¬ âà¨æë A ï¢«ï¥âáï ¢¥¤ãé¨¬ í«¥¬¥­â®¬ ­¥­ã«¥¢®©
áâà®ª¨ ai •, ¥á«¨ aij 6= 0 ¨ ai1 = ai2 = . . . = ai j−1 = 0.
�¯à¥¤¥«¥­¨¥. �ª ¦¥¬, çâ® ¬ âà¨æ  A ∈ Mm×n áâã¯¥­ç â ï (¨«¨
¨¬¥¥â áâã¯¥­ç âë© ¢¨¤), ¥á«¨ ¤«ï ­¥ª®â®à®£® r ∈ {0, 1, 2, . . . ,m} ¥¥
¯¥à¢ë¥ r áâà®ª ­¥­ã«¥¢ë¥,   ¯®á«¥¤­¨¥ m−r áâà®ª ­ã«¥¢ë¥, ¨, ªà®¬¥
â®£®, ¢¥¤ãé¨¥ í«¥¬¥­âë a1j1 , a2j2 , . . . , arjr ¯¥à¢ëå r áâà®ª â ª®¢ë,
çâ® j1 < j2 < . . . < jr.

� ¯à¨¬¥à, ¬ âà¨æ  ¢¨¤ 




0 ∗ x y z t
0 0 0 ∗ u v
0 0 0 0 ∗ w
0 0 0 0 0 0


 , £¤¥ §¢¥§¤®çª ¬¨

®¡®§­ ç¥­ë ­¥­ã«¥¢ë¥ ç¨á«  | ¢¥¤ãé¨¥ í«¥¬¥­âë áâà®ª, ï¢«ï¥âáï
áâã¯¥­ç â®©. �¢¥§¤®çª¨ ¨ í«¥¬¥­âë ¯à ¢¥¥ ­¨å ®¡à §ãîâ "áâã-
¯¥­ìª¨"; ¯®¤ "áâã¯¥­ìª ¬¨" ¢á¥ í«¥¬¥­âë à ¢­ë ­ã«î.

�§ ®¯à¥¤¥«¥­¨ï ¢¨¤­®, çâ® ¢ áâã¯¥­ç â®© ¬ âà¨æ¥ ª¢ ¤à â­ ï
¯®¤¬ âà¨æ  ¯®àï¤ª  r, à á¯®«®¦¥­­ ï ­  ¯¥à¥á¥ç¥­¨¨ ¯¥à¢ëå r

31�¥âàã¤­® ¯à®¢¥à¨âì ¨ ­¥¯®áà¥¤áâ¢¥­­®.
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áâà®ª a1•, a2•, . . . , ar• ¨ áâ®«¡æ®¢ a•j1 , a•j2 , . . . , a•jr , ï¢«ï¥âáï ¢¥àå-
­¥âà¥ã£®«ì­®© á ­¥­ã«¥¢ë¬¨ í«¥¬¥­â ¬¨ ­  ¤¨ £®­ «¨.
�¯à¥¤¥«¥­¨¥. �ª ¦¥¬, çâ® áâã¯¥­ç â ï ¬ âà¨æ  A ∈ Mm×n

¨¬¥¥â ã¯à®é¥­­ë© ¢¨¤, ¥á«¨ ¢ ­¥© ¢¥¤ãé¨¥ í«¥¬¥­âë a1j1 , a2j2 , . . .
. . . , arjr ¢á¥å ­¥­ã«¥¢ëå áâà®ª à ¢­ë 1, ¨ ¤«ï k = 1, 2, . . . r ¢ áâ®«¡æ¥
a•jk

¢á¥ í«¥¬¥­âë, §  ¨áª«îç¥­¨¥¬ akjk
, à ¢­ë 0.

�§ ®¯à¥¤¥«¥­¨ï á«¥¤ã¥â, çâ® ¢ ¬ âà¨æ¥ ã¯à®é¥­­®£® ¢¨¤  ª¢ ¤-
à â­ ï ¯®¤¬ âà¨æ  ¯®àï¤ª  r, à á¯®«®¦¥­­ ï ­  ¯¥à¥á¥ç¥­¨¨ ¯¥à-
¢ëå r áâà®ª a1•, a2•, . . . , ar• ¨ áâ®«¡æ®¢ a•j1 , a•j2 , . . . , a•jr , ï¢«ï¥âáï
¥¤¨­¨ç­®© ¬ âà¨æ¥© Er.

�¯¨è¥¬ ¬¥â®¤ � ãáá  ¯à¨¢¥¤¥­¨ï ¬ âà¨æë í«¥¬¥­â à­ë¬¨ ¯à¥-
®¡à §®¢ ­¨ï¬¨ áâà®ª ª áâã¯¥­ç â®¬ã ¨ ã¯à®é¥­­®¬ã ¢¨¤ã. �¨¦¥
¬ë ã¢¨¤¨¬ ¬­®£®ç¨á«¥­­ë¥ ¯à¨¬¥­¥­¨ï íâ®£® ¬¥â®¤ .

�������� ¯à¨¢¥¤¥­¨ï ¬ âà¨æë í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ -
­¨ï¬¨ áâà®ª ª áâã¯¥­ç â®¬ã ¢¨¤ã (¯àï¬®© å®¤ ¬¥â®¤  � ãáá ).

�á«¨ A | ­ã«¥¢ ï ¬ âà¨æ , â® ¯à®æ¥áá ®ª®­ç¥­.
�­ ç¥ ¢ë¯®«­¨¬ á«¥¤ãîé¨© è £ ¯àï¬®£® å®¤  ¬¥â®¤  � ãáá .

� ©¤¥¬ ­¥­ã«¥¢®© áâ®«¡¥æ a•j á ­ ¨¬¥­ìè¨¬ ­®¬¥à®¬ j. �¥à¥áâ -
­®¢ª®© áâà®ª ¨ ã¬­®¦¥­¨¥¬ ¯¥à¢®© áâà®ª¨ ­  ¯®¤å®¤ïé¥¥ ç¨á«® ¤®-
¡ì¥¬áï, çâ®¡ë í«¥¬¥­â, áâ®ïé¨© ¢ ¯¥à¢®© áâà®ª¥ ¨ j-¬ áâ®«¡æ¥, áâ «
à ¢­ë¬ 1. �â ª, ¯à¥¤¯®« £ ¥¬, çâ® a1j = 1. �ë¯®«­ïï ¯®á«¥¤®¢ -
â¥«ì­® ¯à¥®¡à §®¢ ­¨ï T̃21(−a2j), T̃31(−a3j), . . . , T̃m1(−amj), ¯®«ã-
ç ¥¬, çâ® ¯¥à¢ë¥ j − 1 áâ®«¡æ®¢ ®áâ «¨áì ­ã«¥¢ë¬¨,   ¢ j-¬ áâ®«¡æ¥
â¥¯¥àì à®¢­® ®¤¨­ ­¥­ã«¥¢®© í«¥¬¥­â a1j = 1. � £ § ¢¥àè¥­.

�®á«¥ ¢ë¯®«­¥­¨ï è £  ã ¬ âà¨æë ¬ëá«¥­­® ®â¡à áë¢ ¥¬ ¯¥à-
¢ãî áâà®ªã. �á«¨ ®áâ ¢è ïáï ¬ âà¨æ  ­¥­ã«¥¢ ï, ¢ë¯®«­ï¥¬ è £
¤«ï ­¥¥.

�à®¤®«¦ ¥¬ â ª ¤ «¥¥, ¯®ª  ­¥ § ª®­ç âáï áâà®ª¨ ¬ âà¨æë ¨«¨
¯®ª  ­¥ ¯®«ãç¨¬ ¯®á«¥ ®ç¥à¥¤­®£® è £  ­ã«¥¢ãî ¬ âà¨æã.

� à¥§ã«ìâ â¥ ¢ë¯®«­¥­¨ï ¢á¥© ¯à®æ¥¤ãàë ¤¥©áâ¢¨â¥«ì­® ¯®«ã-
ç¨¬ áâã¯¥­ç âë© ¢¨¤, â ª ª ª ­  ª ¦¤®¬ ­®¢®¬ è £¥ à ¡®â ¥¬ á
¬ âà¨æ¥©, ã ª®â®à®© ­®¬¥à ¯¥à¢®£® ­¥­ã«¥¢®£® áâ®«¡æ  ¡®«ìè¥, ç¥¬
ã ¬ âà¨æë ­  ¯à¥¤ë¤ãé¥¬ è £¥.

�������� ¯à¨¢¥¤¥­¨ï ¬ âà¨æë í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ -
­¨ï¬¨ áâà®ª ª ã¯à®é¥­­®¬ã ¢¨¤ã (®¡à â­ë© å®¤ ¬¥â®¤  � ãáá ).
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�ãáâì ¬ë ã¦¥ ¯®«ãç¨«¨ (á¬. ¯à¥¤ë¤ãé¨©  «£®à¨â¬) áâã¯¥­ç -
âãî ¬ âà¨æã A = (aij) ∈ Mm×n, ¢ ª®â®à®© ­¥­ã«¥¢ë¬¨ ï¢«ïîâáï
¯¥à¢ë¥ r áâà®ª, a1j1 , a2j2 , . . . , arjr | ¢¥¤ãé¨¥ í«¥¬¥­âë íâ¨å áâà®ª
(j1 < j2 < . . . < jr), ¯à¨ç¥¬ a1j1 = a2j2 = . . . = arjr = 1.

�ë¯®«­ïï ¯®á«¥¤®¢ â¥«ì­® T̃1r(−a1jr ), T̃2r(−a2jr ), . . . ,

T̃r−1 r(−ar−1 jr
) (íâ® è £ ®¡à â­®£® å®¤  ¬¥â®¤  � ãáá ), ¯à¥-

¢à é ¥¬ ¢ 0 ¢á¥ í«¥¬¥­âë jr-£® áâ®«¡æ , §  ¨áª«îç¥­¨¥¬ arjr = 1.
�à¨ íâ®¬ ¬ âà¨æ  ®áâ ¥âáï áâã¯¥­ç â®©.

� «¥¥ ¯®á«¥¤®¢ â¥«ì­® ¯à®¨§¢®¤¨¬  ­ «®£¨ç­ë¥ ¤¥©áâ¢¨ï ¤«ï
jr−1-£®, . . . , j2-£® áâ®«¡æ®¢.

�â ª, ¬ë ª®­áâàãªâ¨¢­® ¤®ª § «¨ á«¥¤ãîéãî â¥®à¥¬ã.
�¥®à¥¬  4.1. � âà¨æ  A ∈ Mm×n ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥­  í«¥-
¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ áâà®ª 1) ª áâã¯¥­ç â®¬ã ¢¨¤ã;
2) ª ã¯à®é¥­­®¬ã ¢¨¤ã.

�«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨ à ­£
�ãáâì ¬ âà¨æ  A = (a•1 . . . a•n) ¯®á«¥ ­¥ª®â®à®£® í«¥¬¥­â à­®£®

¯à¥®¡à §®¢ ­¨ï áâà®ª ¯¥à¥è«  ¢ ¬ âà¨æã A′ = (a′•1 . . . a′•n). �ãáâì
­¥ª®â®à ï «¨­¥©­ ï ª®¬¡¨­ æ¨ï áâ®«¡æ®¢ a•j1 , . . . , a•jl

à ¢­  O:
l∑

s=1
λsa•js = O, â® ¥áâì

l∑
s=1

λsaijs = 0 ¤«ï ¢á¥å i. �®£¤ , ª ª ­¥âàã¤­®

¢¨¤¥âì,
l∑

s=1
λsa

′
ijs

= 0 ¤«ï ¢á¥å i, â® ¥áâì «¨­¥©­ ï ª®¬¡¨­ æ¨ï áâ®«¡-
æ®¢ a′•j1 , . . . , a′•jl

á â¥¬¨ ¦¥ ª®íää¨æ¨¥­â ¬¨ λ1, . . . , λl à ¢­  O. �§
íâ®£® á®®¡à ¦¥­¨ï ¢ëâ¥ª ¥â
�à¥¤«®¦¥­¨¥ 4.4. �ãáâì 1 6 j1 < j2 < . . . < jl 6 n. �à¨ í«¥¬¥­-
â à­ëå ¯à¥®¡à §®¢ ­¨ïå áâà®ª ¬ âà¨æë A ∈ Mm×n á®åà ­ï¥âáï
«¨­¥©­ ï § ¢¨á¨¬®áâì ¨«¨ ­¥§ ¢¨á¨¬®áâì á¨áâ¥¬ë áâ®«¡æ®¢ á ­®-
¬¥à ¬¨ j1, j2, . . . , jl.

B �ãáâì ¬ âà¨æ  A = (a•1 . . . a•n) ¯®á«¥ ­¥ª®â®à®£® í«¥¬¥­â à-
­®£® ¯à¥®¡à §®¢ ­¨ï áâà®ª ¯¥à¥è«  ¢ ¬ âà¨æã A′ = (a′•1 . . . a′•n).

�á«¨ ¯®¤á¨áâ¥¬  áâ®«¡æ®¢ a•j1 , . . . , a•jl
¬ âà¨æë A ∈ Mm×n «¨-

­¥©­® § ¢¨á¨¬ , â®, ª ª ¯®ª § ­® ¢ëè¥, ¯®¤á¨áâ¥¬  áâ®«¡æ®¢ a′•j1 ,
. . . , a′•jl

â ª¦¥ «¨­¥©­® § ¢¨á¨¬ .
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�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® á¨áâ¥¬  áâ®«¡æ®¢ a•j1 , . . . , a•jl
«¨­¥©­®

­¥§ ¢¨á¨¬ . �á«¨ á¨áâ¥¬  a′•j1 , . . . , a′•jl
«¨­¥©­® § ¢¨á¨¬ , â®, à á-

á¬ âà¨¢ ï ®¡à â­®¥ í«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥ (á¬. ¯à¥¤«®¦¥­¨¥
4.3), ¯®«ãç ¥¬ ¯® ¤®ª § ­­®¬ã, çâ® ¨ á¨áâ¥¬  áâ®«¡æ®¢ a•j1 , . . . , a•jl

«¨­¥©­® § ¢¨á¨¬  | ¯à®â¨¢®à¥ç¨¥ ­ è¥¬ã ¯à¥¤¯®«®¦¥­¨î. ¤

�à¥¤«®¦¥­¨¥ 4.5. �â®«¡æ®¢ë© à ­£ ¬ âà¨æë ­¥ ¨§¬¥­ï¥âáï ¯à¨
í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå áâà®ª ¬ âà¨æë.

B �à §ã á«¥¤ã¥â ¨§ ¯à¥¤ë¤ãé¥£® ¯à¥¤«®¦¥­¨ï. ¤

�«¥¤áâ¢¨¥. �ãáâì A | áâã¯¥­ç â ï ¬ âà¨æ , ¢ ª®â®à®© à®¢­®
r ­¥­ã«¥¢ëå áâà®ª. �®£¤  rgv A = r.

B �ãáâì ¯®á«¥ ã¤ «¥­¨ï ­ã«¥¢ëå áâà®ª ¨§ ¬ âà¨æë A ¯®«ãç ¥âáï
¬ âà¨æ  A′. � ¯®¬®éìî ®¡à â­®£® å®¤  ¬¥â®¤  � ãáá  ¨§ A′ ¬®¦­®
¯®«ãç¨âì ¬ âà¨æã ã¯à®é¥­­®£® ¢¨¤  B, ¨¬¥îéãî ¯®¤¬ âà¨æã Er

(á¬.  «£®à¨â¬). �á¯®«ì§ãï ¯à¥¤«®¦¥­¨ï 4.5, 2.8 ¨ 2.4, ¯®«ãç ¥¬,
çâ® rgv A = rgv A′, r > rgv A′ = rgv B > rgv Er = r. ¤

�à¥¤«®¦¥­¨¥ 4.6. �âà®ç­ë© à ­£ ¬ âà¨æë ­¥ ¨§¬¥­ï¥âáï ¯à¨
í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå áâà®ª.

B �«ï í«¥¬¥­â à­®£® ¯à¥®¡à §®¢ ­¨ï áâà®ª I â¨¯  íâ® ïá­®, â ª
ª ª ­¥ ¬¥­ï¥âáï ­ ¡®à áâà®ª.

� ª á«¥¤ã¥â ¨§ â¥®à¥¬ë 2.1, ¯à¨ í«¥¬¥­â à­®¬ ¯à¥®¡à §®¢ ­¨¨
II â¨¯  à ­£ á¨áâ¥¬ë áâà®ª ­¥ ã¢¥«¨ç¨¢ ¥âáï: rg(a1 •, . . . , λai •, . . .
. . . , am •) 6 rg(a1 •, . . . , ai •, . . . , am •, λai •) = rg(a1 •, . . . , ai •, . . . , am •).
�­ «®£¨ç­®, ¯à¨ í«¥¬¥­â à­®¬ ¯à¥®¡à §®¢ ­¨¨ III â¨¯ : rg(a1 •, . . .
. . . , ai • + λaj•, . . . , am •) 6 rg(a1 •, . . . , ai •, . . . , am •, ai • + λaj•) =
= rg(a1 •, . . . , ai •, . . . , am •).

�® à áá¬ âà¨¢ ï ®¡à â­®¥ í«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥, ¯®«ã-
ç ¥¬, çâ® à ­£ ¨ ­¥ ã¬¥­ìè¨âáï. ¤

�¥®à¥¬  4.2 (® à ­£¥ ¬ âà¨æë). �«ï «î¡®© ¬ âà¨æë A ∈ Mm×n

¢ë¯®«­¥­® rgv A = rgh A.

B �®ª ¦¥¬ ¢­ ç «¥, çâ® ¤«ï «î¡®© ¬ âà¨æë rgv A > rgh A.
�«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ áâà®ª ¯à¨¢¥¤¥¬ A ª áâã¯¥­ç -

â®¬ã ¢¨¤ã A′, ¨ ¯ãáâì ¢ A′ à®¢­® r ­¥­ã«¥¢ëå áâà®ª. �®£¤  rgh A′ 6 r,
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rgv A′ = r (á¬. ¯à¥¤ë¤ãé¥¥ á«¥¤áâ¢¨¥). �§ á®åà ­¥­¨ï à ­£®¢ ¯à¨
í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå (¯à¥¤«®¦¥­¨ï 4.5 ¨ 4.6) á«¥¤ã¥â, çâ®
rgv A = rgv A′ ¨ rgh A = rgh A′, ®âªã¤  rgv A = r > rgh A.

�®á¯®«ì§®¢ ¢è¨áì ¤®ª § ­­ë¬ ­¥à ¢¥­áâ¢®¬ ¤«ï AT , ¨¬¥¥¬
rgh A = rgv(AT ) > rgh(AT ) = rgv A. ¤

�¥¯¥àì ¢¬¥áâ® rgv A ¨ rgh A ¬ë ¨á¯®«ì§ã¥¬ ®¤­® ®¡®§­ ç¥­¨¥ rg A.

�«¥¤áâ¢¨¥. �«ï «î¡®© ¬ âà¨æë A ¢ë¯®«­¥­® rg A = rg AT .

�§ ¤®ª § ­­®£® ¢ëâ¥ª ¥â
�������� ­ å®¦¤¥­¨ï à ­£  ¬ âà¨æë ¨ ­¥ª®â®à®© ¡ §¨á­®©

¯®¤á¨áâ¥¬ë áâ®«¡æ®¢.32

� ­­ãî ¬ âà¨æã A ¯à¨¢¥¤¥¬ í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨
áâà®ª ª áâã¯¥­ç â®¬ã ¢¨¤ã A′ (¬¥â®¤®¬ � ãáá ).

�ãáâì ¢ A′ à®¢­® r ­¥­ã«¥¢ëå áâà®ª (r "áâã¯¥­¥ª"), ¨ j1 < j2 < . . .
. . . < jr | ­®¬¥à  áâ®«¡æ®¢, á®¤¥à¦ é¨å ¢¥¤ãé¨¥ í«¥¬¥­âë áâà®ª.

�®£¤  rg A = r,   áâ®«¡æë ¬ âà¨æë A á ­®¬¥à ¬¨ j1, j2, . . . , jr

ï¢«ïîâáï ¡ §¨á­®© ¯®¤á¨áâ¥¬®© áâ®«¡æ®¢ ¬ âà¨æë A.
�¥©áâ¢¨â¥«ì­®, ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ® à ­£¥ ¬ âà¨æë ¬ë

¯®«ãç¨«¨, çâ® à ­£ à ¢¥­ ª®«¨ç¥áâ¢ã ­¥­ã«¥¢ëå áâà®ª ¯®á«¥ ¯à¨¢¥-
¤¥­¨ï ª áâã¯¥­ç â®¬ã ¢¨¤ã. � áâã¯¥­ç â®¬ (¨ ¢ ã¯à®é¥­­®¬) ¢¨¤¥
áâ®«¡æë á ­®¬¥à ¬¨ j1, j2, . . . , jr ®¡à §ãîâ ¡ §¨á­ãî ¯®¤á¨áâ¥¬ã,
â®£¤  (á¬. ¯à¥¤«®¦¥­¨¥ 4.4) ¨ ¢ ¨áå®¤­®© ¬ âà¨æ¥ A á¨áâ¥¬  áâ®«¡-
æ®¢ á ­®¬¥à ¬¨ j1, j2, . . . , jr ï¢«ï¥âáï ¡ §¨á­®©.

�¥¢ëà®¦¤¥­­ë¥ ¬ âà¨æë

�¯à¥¤¥«¥­¨¥. �¢ ¤à â­ ï ¬ âà¨æ  A ∈ Mn×n ­ §ë¢ ¥âáï ­¥-
¢ëà®¦¤¥­­®©, ¥á«¨ rg A = n, ¨ ¢ëà®¦¤¥­­®© ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�­ ç¥ £®¢®àï, ¢ ­¥¢ëà®¦¤¥­­®© ¬ âà¨æ¥ á¨áâ¥¬  ¢á¥å áâ®«¡æ®¢
(¨«¨ áâà®ª) «¨­¥©­® ­¥§ ¢¨á¨¬ .

32�®­¥ç­®, ¢ á¨áâ¥¬¥ áâ®«¡æ®¢ ¬®¦¥â ¡ëâì ­¥ ¥¤¨­áâ¢¥­­ ï ¡ §¨á­ ï ¯®¤á¨á-
â¥¬ .
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�¥®à¥¬  4.3 (ªà¨â¥à¨© ­¥¢ëà®¦¤¥­­®áâ¨-1). �«ï ª¢ ¤à â­®©
¬ âà¨æë A ∈ Mn×n á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

1) A | ­¥¢ëà®¦¤¥­­ ï;
2) A ¯à¨¢®¤¨âáï í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ áâà®ª ª ¥¤¨-

­¨ç­®© ¬ âà¨æ¥ En;
3) A à ¢­  ¯à®¨§¢¥¤¥­¨î ­¥áª®«ìª¨å í«¥¬¥­â à­ëå ¬ âà¨æ;
4) A | ®¡à â¨¬ ï;
5) A | ®¡à â¨¬ ï á«¥¢ ; 5') A | ®¡à â¨¬ ï á¯à ¢ .

B 5) (¨«¨ 5')) ⇒ 1) �á«¨ BA = E (¨«¨ AC = E), â® ¨§ ¯à¥¤«®-
¦¥­¨ï 3.3 ® à ­£¥ ¯à®¨§¢¥¤¥­¨ï ¨¬¥¥¬: rg A > rg E = n.

1) ⇒ 2) �à¨¢¥¤¥¬ A ª ã¯à®é¥­­®¬ã ¢¨¤ã A′. � ª ª ª rg A′ =
= rg A = n, â® A′ ¤®«¦­  á®¤¥à¦ âì ¥¤¨­¨ç­ãî ¯®¤¬ âà¨æã ¯®àï¤ª 
n, §­ ç¨â, A′ = E.

2) ⇒ 3) �§ 2) ¨ ¯à¥¤«®¦¥­¨ï 4.2 á«¥¤ã¥â à ¢¥­áâ¢® SkSk−1 . . .
. . . S1A = E, £¤¥ Si | í«¥¬¥­â à­ë¥ ¬ âà¨æë. �®£¤  ¤®¬­®¦ ï íâ®
à ¢¥­áâ¢® á«¥¢  ¯®á«¥¤®¢ â¥«ì­® ­  í«¥¬¥­â à­ë¥ ¬ âà¨æë S−1

k , . . . ,
S−1

1 (á¬. ¯à¥¤«®¦¥­¨¥ 4.3), ¯®«ãç¨¬ A = S−1
1 S−1

2 . . . S−1
k .

3) ⇒ 4) �ëâ¥ª ¥â ¨§ â¥®à¥¬ë 3.2 (¯à®¨§¢¥¤¥­¨¥ ®¡à â¨¬ëå ¬ â-
à¨æ | ®¡à â¨¬ ï ¬ âà¨æ ).

4) ⇒ 5) (¨«¨ 5')) �ç¥¢¨¤­®. ¤

�à¥¤«®¦¥­¨¥ 4.7. �ãáâì A ∈ Mn×n | ®¡à â¨¬ ï ¬ âà¨æ , B ∈
∈ Mn×p. �ãáâì (¡«®ç­ ï) ¬ âà¨æ  (AB) ∈ Mn×(n+p) ¯à¨¢¥¤¥­ 
í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ áâà®ª ª ¢¨¤ã (En C). �®£¤  C =
= A−1B.

B �ë¯®«­¥­¨¥ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© íª¢¨¢ «¥­â­® ¤®-
¬­®¦¥­¨î á«¥¢  ­  ­¥ª®â®àãî (®¡à â¨¬ãî) ¬ âà¨æã R ∈ Mn×n (á¬.
¯à¥¤«®¦¥­¨¥ 4.2): (E C) = R(AB). �®£¤  RA = E, RB = C ⇒ R =
= A−1 ¨ C = A−1B. ¤

�®á«¥¤­¥¥ ¯à¥¤«®¦¥­¨¥ ¤ ¥â, ¢ ç áâ­®áâ¨,
�������� ®âëáª ­¨ï A−1.
� ¤ ­­®© ¬ âà¨æ¥ A ∈ Mn×n ¯à¨¯¨è¥¬ á¯à ¢  ¥¤¨­¨ç­ãî ¬ â-

à¨æã E = En, ¯®«ãç¨¬ ¬ âà¨æã (AE). �«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ -
­¨ï¬¨ áâà®ª (¬¥â®¤ � ãáá ) ¯à¨¢®¤¨¬ ¬ âà¨æã (AE) ª ¢¨¤ã (A′B),
£¤¥ A′ | áâã¯¥­ç â ï ¬ âà¨æ . �á«¨ ¢ A′ ª®«¨ç¥áâ¢® "áâã¯¥­¥ª"
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¬¥­ìè¥ n, â® rg A < n (á¬.  «£®à¨â¬ ®âëáª ­¨ï à ­£ ), ¨, §­ ç¨â,
¬ âà¨æ  A ­¥ ¨¬¥¥â ®¡à â­®©. �­ ç¥, ¯à®¤®«¦¨¢ ¬¥â®¤ � ãáá , ¯à¨-
¢¥¤¥¬ ¬ âà¨æã (AE) ª ã¯à®é¥­­®¬ã ¢¨¤ã (E C). �®£¤  C = A−1.

�ãáâì ¯®¤¬ âà¨æ  à §¬¥à  k × k ¬ âà¨æë A, à á¯®«®¦¥­­ ï ­ 
¯¥à¥á¥ç¥­¨¨ ­¥ª®â®à®© á¨áâ¥¬ë k áâ®«¡æ®¢ ¨ k áâà®ª, ®ª § « áì ­¥-
¢ëà®¦¤¥­­®©. �®£¤  ïá­®, çâ® íâ  á¨áâ¥¬  ¨§ k áâ®«¡æ®¢ (áâà®ª)
¬ âà¨æë A «¨­¥©­® ­¥§ ¢¨á¨¬ , ¢ ç áâ­®áâ¨, k 6 rg A. �ª §ë¢ -
¥âáï, ¤«ï ¯®¤¬ âà¨æ à §¬¥à  r × r, £¤¥ r = rg A, ¢¥à­® ¨ ®¡à â­®¥:
¢ «î¡®© ¬ âà¨æ¥ à ­£  r ­ ©¤¥âáï ­¥¢ëà®¦¤¥­­ ï ¯®¤¬ âà¨æ  ¯®-
àï¤ª  r.33

�¥®à¥¬  4.4 (® ¡ §¨á­®¬ ¬¨­®à¥). �ãáâì A ∈ Mm×n ¨ rg A =
= r. �®£¤  ª¢ ¤à â­ ï ¯®¤¬ âà¨æ  ¯®àï¤ª  r, ¯®«ãç¥­­ ï ­  ¯¥-
à¥á¥ç¥­¨¨ ­¥ª®â®à®© «¨­¥©­® ­¥§ ¢¨á¨¬®© á¨áâ¥¬ë ¨§ r áâ®«¡æ®¢
¨ ­¥ª®â®à®© «¨­¥©­® ­¥§ ¢¨á¨¬®© á¨áâ¥¬ë ¨§ r áâà®ª, ï¢«ï¥âáï
­¥¢ëà®¦¤¥­­®©.

B �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ á¨áâ¥¬  ¯¥à¢ëå r áâà®ª a1 •, a2 •,
. . . , ar • «¨­¥©­® ­¥§ ¢¨á¨¬  (â® ¥áâì ¡ §¨á­ ï ¯®¤á¨áâ¥¬  á¨áâ¥¬ë
áâà®ª ¬ âà¨æë A), ¨ á¨áâ¥¬  ¯¥à¢ëå r áâ®«¡æ®¢ a•1, a•2, . . . , a•r
«¨­¥©­® ­¥§ ¢¨á¨¬ . �®ª ¦¥¬, çâ® ¯®¤¬ âà¨æ  A′ ∈ Mr×r, ¯®«ã-
ç¥­­ ï ¢ ¯¥à¥á¥ç¥­¨¨ ¯¥à¢ëå r áâà®ª ¨ ¯¥à¢ëå r áâ®«¡æ®¢, ­¥¢ë-
à®¦¤¥­­ ï.

�§ â¥®à¥¬ë 2.1 ¢ëâ¥ª ¥â, çâ® ª ¦¤ ï ¨§ áâà®ª ar+1 •, . . . , am •
ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© áâà®ª a1 •, a2 •, . . . , ar •. �®íâ®¬ã
í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ III â¨¯  ¬®¦­® áâà®ª¨ ar+1 •, . . .
. . . , am • ¯®á«¥¤®¢ â¥«ì­® á¤¥« âì ­ã«¥¢ë¬¨ (¢ëç¥áâì á®®â¢¥âáâ¢ãî-
éãî «¨­¥©­ãî ª®¬¡¨­ æ¨î ¯¥à¢ëå r áâà®ª). �®á«¥ ¢ë¯®«­¥­¨ï
íâ¨å ¯à¥®¡à §®¢ ­¨© ¬ âà¨æ  ¨¬¥¥â ¢¨¤

(
A′ B
O O

)
. �® á®£« á­®

¯à¥¤«®¦¥­¨î 4.4, á¨áâ¥¬  ¯¥à¢ëå r áâ®«¡æ®¢ ®áâ « áì «¨­¥©­® ­¥-
§ ¢¨á¨¬®©, â® ¥áâì rg

(
A′

O

)
= r. �à¨ ®â¡à áë¢ ­¨¨ ­ã«¥¢ëå áâà®ª

à ­£ ­¥ ¨§¬¥­¨âáï, ¯®íâ®¬ã rg A′ = r. ¤

33�­®£¤  â ªãî ¯®¤¬ âà¨æã ­ §ë¢ îâ ¡ §¨á­ë¬ ¬¨­®à®¬.
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� ¤ ç¨ ¨ ã¯à ¦­¥­¨ï
1. �®ª ¦¨â¥, çâ® í«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥ áâà®ª I â¨¯ 

¬®¦­® ¯®«ãç¨âì ¯®á«¥¤®¢ â¥«ì­ë¬ ¢ë¯®«­¥­¨¥¬ ­¥áª®«ìª¨å
í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© áâà®ª II ¨ III â¨¯ .

2. � ©¤¨â¥ à ­£ ¬ âà¨æë A =




0 0 2 1 −1 2
0 0 −4 −2 2 −4
3 −6 5 1 2 5
−1 2 5 3 −7 2


 .

�ª ¦¨â¥ ¢ ­¥© ­¥ª®â®àãî ¡ §¨á­ãî ¯®¤á¨áâ¥¬ã áâ®«¡æ®¢,
áâà®ª. � ©¤¨â¥ ­¥¢ëà®¦¤¥­­ãî ¯®¤¬ âà¨æã ¯®àï¤ª  rg A.

3. � ­  ¢¥àå­¥âà¥ã£®«ì­ ï ¬ âà¨æ  A, ã ª®â®à®© ­  £« ¢­®© ¤¨ -
£®­ «¨ ­¥­ã«¥¢ë¥ í«¥¬¥­âë. �®ª ¦¨â¥, çâ® A ­¥¢ëà®¦¤¥­­ ï
(= ®¡à â¨¬ ï), ¯à¨ç¥¬ A−1 â ª¦¥ ¢¥àå­¥âà¥ã£®«ì­ ï.

4.  ) �ëà §¨â¥ à ­£ ¡«®ç­®© ¬ âà¨æë
(

A −3B
2A B

)
ç¥à¥§ à ­£¨

¬ âà¨æ A ∈ Mm×n ¨ B ∈ Mm×p.

¡) �®ª ¦¨â¥, çâ® ¤«ï «î¡ëå ¬ âà¨æ A, B ∈ Mn×n à ­£ ¡«®ç-
­®© ¬ âà¨æë

(
A En

BA B

)
à ¢¥­ n.

5. �®ª ¦¨â¥ ãá¨«¥­¨¥ ¯à¥¤«®¦¥­¨ï 3.4: �ãáâì B ∈ Mm×n |
¯à®¨§¢®«ì­ ï ¬ âà¨æ ,   A ∈ Mm′×m ¨ C ∈ Mn×n′ | â ª¨¥
¬ âà¨æë, çâ® rg A = m ¨ rg C = n. �®£¤  rg(AB) = rg B =
= rg(BC).

6. �®ª ¦¨â¥, çâ® ¬ âà¨æã A ∈ Mm×n à ­£  r ¬®¦­® ¯à¥¤áâ ¢¨âì
¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï BC, £¤¥ B ∈ Mm×r, C ∈ Mr×n.

7.  ) �®ª ¦¨â¥, çâ® í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ áâà®ª ¤ ­-
­ãî ¬ âà¨æã ¬®¦­® ¯à¨¢¥áâ¨ ª ¥¤¨­áâ¢¥­­®¬ã ã¯à®é¥­­®¬ã
¢¨¤ã.
¡) � âà¨æë A,B ∈ Mm×n ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¤àã£ ¨§ ¤àã£ 
ã¬­®¦¥­¨¥¬ á«¥¢  ­  ­¥ª®â®àë¥ ¬ âà¨æë à §¬¥à  m×m â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  A ¨ B ¯à®¢®¤ïâáï í«¥¬¥­â à­ë¬¨ ¯à¥®¡-
à §®¢ ­¨ï¬¨ áâà®ª ª ®¤­®¬ã ¨ â®¬ã ¦¥ ã¯à®é¥­­®¬ã ¢¨¤ã.
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§ 5. �¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©
�®à¬ë § ¯¨á¨ ¨ ªà¨â¥à¨© á®¢¬¥áâ­®áâ¨
� áá¬®âà¨¬ á¨áâ¥¬ã m «¨­¥©­ëå ãà ¢­¥­¨© á n ­¥¨§¢¥áâ­ë¬¨





a11x1 + a12x2 + . . . + a1nxn = b1,

a21x1 + a22x2 + . . . + a2nxn = b2,

. . . . . .

am1x1 + am2x2 + . . . + amnxn = bm,

(2)

£¤¥ aij ¨ bi | ­¥ª®â®àë¥ ç¨á« .
�¨áâ¥¬  (2) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ®¤­®£® ¬ âà¨ç­®£® «¨­¥©­®£®

ãà ¢­¥­¨ï AX = b, £¤¥ A ∈ Mm×n | ¬ âà¨æ  ª®íää¨æ¨¥­â®¢,
X ∈ Mn×1 | áâ®«¡¥æ ­¥¨§¢¥áâ­ëå, b ∈ Mm×1 | áâ®«¡¥æ ¯à ¢ëå
ç áâ¥©:

A =




a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n

...
...

... . . . ...
am1 am2 am3 . . . amn


 , X =




x1

x2

x3

...
xn




, b =




b1

b2

...
bm


 .

�¨áâ¥¬  (2) § ¤ ¥âáï à áè¨à¥­­®© ¬ âà¨æ¥© (A | b) ∈ Mm×(n+1).
�â ª, á¨áâ¥¬ã (2) ª®à®âª® § ¯¨áë¢ îâ ¢ ¢¨¤¥ AX = b ¨«¨ (A | b).

� ª¦¥ á¨áâ¥¬  (2) ¬®¦¥â ¡ëâì ¯¥à¥¯¨á ­  ¢ áâ®«¡æ®¢®© § ¯¨á¨:
n∑

j=1

xja•j = b. �®«ãç ¥âáï á«¥¤ãîé ï ¨­â¥à¯à¥â æ¨ï (2): áâ®«¡¥æ b

à ¢¥­ «¨­¥©­®© ª®¬¡¨­ æ¨¨ áâ®«¡æ®¢ ¬ âà¨æë A á ª®íää¨æ¨¥­â ¬¨
x1, x2, . . . , xn. � ª¨¬ ®¡à §®¬, à¥è¨âì á¨áâ¥¬ã (2) | §­ ç¨â ­ ©â¨
¢á¥ à §«®¦¥­¨ï áâ®«¡æ  ¯à ¢ëå ç áâ¥© b ¯® áâ®«¡æ ¬ ¬ âà¨æë A. �§
áâ®«¡æ®¢®© § ¯¨á¨ ¢¨¤­®, çâ® á¨áâ¥¬  (2) ­¥ ¨§¬¥­¨âáï, ¥á«¨ ¯®¬¥-
­ïâì ¬¥áâ ¬¨ i-© ¨ j-© áâ®«¡æë ¬ âà¨æë A ¨ ®¤­®¢à¥¬¥­­® ¯®¬¥­ïâì
¬¥áâ ¬¨ xi ¨ xj ¢ áâ®«¡æ¥ ­¥¨§¢¥áâ­ëå X.
�¯à¥¤¥«¥­¨¥. �â®«¡¥æ X0 ∈ Mn×1 ­ §ë¢ ¥âáï ç áâ­ë¬ à¥è¥­¨¥¬
(¨­®£¤  ¯à®áâ® à¥è¥­¨¥¬) á¨áâ¥¬ë AX = b, ¥á«¨ AX0 = b.
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�¯à¥¤¥«¥­¨¥. �­®¦¥áâ¢® ¢á¥å ç áâ­ëå à¥è¥­¨© á¨áâ¥¬ë AX = b
­ §ë¢ ¥âáï ®¡é¨¬ à¥è¥­¨¥¬ á¨áâ¥¬ë.

� ª¨¬ ®¡à §®¬, ®¡é¥¥ à¥è¥­¨¥ | íâ® ¯®¤¬­®¦¥áâ¢® {X|AX = b}
¢ ¬­®¦¥áâ¢¥ áâ®«¡æ®¢ Mn×1. �¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë AX = b ¤«ï
ªà âª®áâ¨ ¡ã¤¥¬ ®¡®§­ ç âì Sol(A | b).34

�¯à¥¤¥«¥­¨¥. �¨áâ¥¬  AX = b ­ §ë¢ ¥âáï á®¢¬¥áâ­®©, ¥á«¨
Sol(A | b) 6= ∅ (â® ¥áâì ¨¬¥¥âáï å®âï ¡ë ®¤­® ç áâ­®¥ à¥è¥­¨¥).

�¯à¥¤¥«¥­¨¥. �¢¥ á®¢¬¥áâ­ë¥ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© ­ -
§ë¢ îâáï íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ ®­¨ ¨¬¥îâ ®¤­® ¨ â® ¦¥ ®¡é¥¥ à¥-
è¥­¨¥.

�à¥¤«®¦¥­¨¥ 5.1. �¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨© AX = b á®-
¢¬¥áâ­  ⇔ b ∈ 〈a•1, a•2, . . . , a•n〉.

B �á­® ¨§ áâ®«¡æ®¢®© § ¯¨á¨ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©. ¤

�¥®à¥¬  5.1 (ªà¨â¥à¨© �à®­¥ª¥à {� ¯¥««¨). �¨áâ¥¬  AX =
= b á®¢¬¥áâ­  ⇔ rg A = rg(A | b).

B �«¥¤ã¥â ¨§ ®á­®¢­®© â¥®à¥¬ë ® à ­£ å 2.1 ¨ ¯à¥¤ë¤ãé¥£®
¯à¥¤«®¦¥­¨ï. ¤

� «¥¥ ¬ë ®¯¨è¥¬ áâàãªâãàã ¨  «£®à¨â¬ ­ å®¦¤¥­¨ï ®¡é¥£® à¥-
è¥­¨ï. 35

34�¨áâ¥¬  ãà ¢­¥­¨© ¨ ¥¥ ®¡é¥¥ à¥è¥­¨¥ ¨¬¥¥â ¨ ¤àã£¨¥ ¨­â¥à¯à¥â æ¨¨ ¢
«¨­¥©­®©  «£¥¡à¥. � ¯à¨¬¥à, Sol(A | b) | íâ® ¯®«­ë© ¯à®®¡à § áâ®«¡æ  b ¯à¨
«¨­¥©­®¬ ®â®¡à ¦¥­¨¨ ϕ : Rn → Rm, § ¤ ­­®¬ ¬ âà¨æ¥© A. � ç áâ­®áâ¨,
Sol(A |O) | íâ® ï¤à® ®â®¡à ¦¥­¨ï ϕ.

35�à®ïá­¨¬ á¢ï§ì á ¯à¥¤ë¤ãé¨¬, à áá¬®âà¥¢ ç áâ­ë© á«ãç ©. �ãáâì ¬ âà¨æ 
A ª¢ ¤à â­ ï (â® ¥áâì m = n) ¨ ­¥¢ëà®¦¤¥­­ ï (= ®¡à â¨¬ ï). �®£¤  ãà ¢­¥­¨¥
AX = b «¥£ª® à §à¥è¨âì ¢ ¬ âà¨ç­®¬ ¢¨¤¥, ¤®¬­®¦¨¢ á«¥¢  ­  A−1: A−1AX =
= X = A−1b. �¥è¥­¨¥ X = A−1b (¯®¤áâ ­®¢ª®© A(A−1b) = b ã¡¥¦¤ ¥¬áï,
çâ® ­ ©¤¥­­ë© áâ®«¡¥æ ¢ á ¬®¬ ¤¥«¥ ï¢«ï¥âáï à¥è¥­¨¥¬) ¬®¦­® ­ ©â¨ ¬¥â®¤®¬
� ãáá  | á¬. ¯à¥¤«®¦¥­¨¥ 4.7. �¨¦¥ ¬¥â®¤ � ãáá  ¨á¯®«ì§ã¥âáï ¤«ï à¥è¥­¨ï
á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥­¨© á ¯à®¨§¢®«ì­®© ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢.
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�¤­®à®¤­ë¥ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©,
áâàãªâãà  à¥è¥­¨ï

�¯à¥¤¥«¥­¨¥. �¨áâ¥¬  AX = b ­ §ë¢ ¥âáï ®¤­®à®¤­®©, ¥á«¨ b = O
(â® ¥áâì áâ®«¡¥æ b ­ã«¥¢®©).

�¬¥áâ¥ á ª ¦¤®© á¨áâ¥¬®© AX = b ¡ã¤¥¬ à áá¬ âà¨¢ âì á®®â-
¢¥âáâ¢ãîéãî ®¤­®à®¤­ãî á¨áâ¥¬ã AX = O. �á­®, çâ® ®¤­®à®¤­ ï
á¨áâ¥¬  ¢á¥£¤  á®¢¬¥áâ­ , â ª ª ª ­ã«¥¢®© áâ®«¡¥æ ï¢«ï¥âáï ¥¥ à¥-
è¥­¨¥¬.

�à¥¤«®¦¥­¨¥ 5.2. �á«¨ X1, X2, . . . , Xk | ç áâ­ë¥ à¥è¥­¨ï ®¤­®-
à®¤­®© á¨áâ¥¬ë AX = O, â® «¨­¥©­ ï ª®¬¡¨­ æ¨ï

k∑
i=1

λiXi â ª¦¥

ï¢«ï¥âáï à¥è¥­¨¥¬.36

B �à §ã á«¥¤ã¥â ¨§ ¬ âà¨ç­®£® à ¢¥­áâ¢  (á¬. â¥®à¥¬ã 3.1)

A(
k∑

i=1

λiXi) =
k∑

i=1

λiAXi = O. ¤

�¯à¥¤¥«¥­¨¥. �¯®àï¤®ç¥­­ãî ¡ §¨á­ãî ¯®¤á¨áâ¥¬ã áâ®«¡æ®¢ ¢
¬­®¦¥áâ¢¥ Sol(A |O) ­ §ë¢ ¥¬ äã­¤ ¬¥­â «ì­®© á¨áâ¥¬®© à¥è¥-
­¨© ®¤­®à®¤­®© á¨áâ¥¬ë AX = O (¤ «¥¥ | ��� á¨áâ¥¬ë AX = O).

�¯à¥¤¥«¥­¨¥. � âà¨æ  Φ ∈ Mn×s ­ §ë¢ ¥âáï äã­¤ ¬¥­â «ì­®©
¬ âà¨æ¥© ®¤­®à®¤­®© á¨áâ¥¬ë AX = O, ¥á«¨ ¥¥ áâ®«¡æë ®¡à §ãîâ
���.

�á«¨ ®¤­®à®¤­ ï á¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨© ¨¬¥¥â â®«ìª® ­ã-
«¥¢®¥ à¥è¥­¨¥, â® ¯®« £ ¥¬, çâ® ��� ¯ãáâ .37

�à¥¤«®¦¥­¨¥ 5.3. 1) �«ï «î¡®© ®¤­®à®¤­®© á¨áâ¥¬ë AX = O
áãé¥áâ¢ã¥â ���.

36�«ï §­ ª®¬ëå á ¯®­ïâ¨¥¬ ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  ¨ ¯®¤¯à®áâà ­áâ¢ : íâ®
¯à¥¤«®¦¥­¨¥ ®§­ ç ¥â, çâ® Sol(A |O) | ¯®¤¯à®áâà ­áâ¢® ¢ ¢¥ªâ®à­®¬ ¯à®áâ-
à ­áâ¢¥ Mn×1.

37�«ï §­ ª®¬ëå á ­ ç « ¬¨ «¨­¥©­®©  «£¥¡àë: ��� á¨áâ¥¬ë AX = O | íâ®
¡ §¨á ¢ ¯à®áâà ­áâ¢¥ Sol(A |O). �á«¨ ¯®¤¯à®áâà ­áâ¢® ­ã«¥¢®¥, â® ¡ §¨á áç¨â ¥¬
¯ãáâë¬ | ¢ á®£« á¨¨ á à ¢¥­áâ¢®¬ 〈∅〉 = O.
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2) �®«¨ç¥áâ¢® áâ®«¡æ®¢ ¢ ��� á¨áâ¥¬ë AX = O ­¥ § ¢¨á¨â
®â ¢ë¡®à  ��� ¨ à ¢­® à ¢­® rg(Sol(A |O)).

B �ëâ¥ª ¥â ¨§ á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë 2.1. ¤
�§ ¯à¥¤ë¤ãé¥£® ¢ëâ¥ª îâ á«¥¤ãîé¨¥ â¥®à¥¬ë ® áâàãªâãà¥ ®¡-

é¥£® à¥è¥­¨ï á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©.

�¥®à¥¬  5.2. �¡é¥¥ à¥è¥­¨¥ Sol(A |O) ®¤­®à®¤­®© á¨áâ¥¬ë «¨­¥©-
­ëå ãà ¢­¥­¨© ¨¬¥¥â ¢¨¤

{
s∑

i=1

λiXi |λi ∈ R
}

, £¤¥ X1, X2, . . . , Xs |
­¥ª®â®à ï ä¨ªá¨à®¢ ­­ ï ���.

B �à §ã á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï ���. ¤
� ª¨¬ ®¡à §®¬, ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®© á¨áâ¥¬ë «¨­¥©-

­ëå ãà ¢­¥­¨© ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ á«¥¤ãîé¥¬ ¬ âà¨ç­®¬ ¢¨¤¥:
Sol(A |O) = ΦΛ, £¤¥ Φ ∈ Mn×s | äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ ,   Λ =

=




λ1

λ2

...
λs


 | áâ®«¡¥æ ¯à®¨§¢®«ì­ëå ç¨á¥«.

�¥®à¥¬  5.3. �¡é¥¥ à¥è¥­¨¥ Sol(A | b) á®¢¬¥áâ­®© á¨áâ¥¬ë AX =
= b ¨¬¥¥â ¢¨¤ X0 + X, £¤¥ X0 | ­¥ª®â®à®¥ ç áâ­®¥ à¥è¥­¨¥ á¨á-
â¥¬ë Sol(A | b),   X ¯à®¡¥£ ¥â Sol(A |O).38

B �ãáâì X | ¯à®¨§¢®«ì­ë© áâ®«¡¥æ ¢ëá®âë n. �®«®¦¨¬ X =
= X−X0, £¤¥ X0 | ç áâ­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (A | b). �¬¥¥¬ AX = b
⇔ A(X0 + X) = b ⇔ AX0 + AX = b ⇔ b + AX = b ⇔ AX = O. ¤

�¥è¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© ¬¥â®¤®¬
� ãáá 
�¢¥¤¥¬ í«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥-

­¨© âà¥å â¨¯®¢, á®®â¢¥âáâ¢ãîé¨¥ í«¥¬¥­â à­ë¬ ¯à¥®¡à §®¢ ­¨ï¬
38� £¥®¬¥âà¨ç¥áª¨å â¥à¬¨­ å: ¥á«¨ AX = b á®¢¬¥áâ­ , ¨ Sol(A |O) | s-

¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢®, â® Sol(A | b) ¬®¦­® ¯®«ãç¨âì á¤¢¨£®¬ ¯®¤¯à®áâà ­áâ¢ 
Sol(A |O) ­  ¢¥ªâ®à, â® ¥áâì Sol(A | b) | s-¬¥à­ ï ¯«®áª®áâì.
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áâà®ª à áè¨à¥­­®© ¬ âà¨æë (A | b): ¯¥à¥áâ ­®¢ª  ¤¢ãå ãà ¢­¥­¨©;
ã¬­®¦¥­¨¥ ãà ¢­¥­¨ï ­  λ 6= 0; ¯à¨¡ ¢«¥­¨¥ ª ®¤­®¬ã ãà ¢­¥­¨î
¤àã£®£®, ã¬­®¦¥­­®£® ­  λ.

�à¥¤«®¦¥­¨¥ 5.4. �à¨ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå áâà®ª à á-
è¨à¥­­®© ¬ âà¨æë (A | b) ®¡é¥¥ à¥è¥­¨¥ Sol(A | b) ­¥ ¬¥­ï¥âáï.

B �«ï í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© I ¨ II â¨¯  íâ® ®ç¥¢¨¤­®.
�à¨ í«¥¬¥­â à­®¬ ¯à¥®¡à §®¢ ­¨¨ III â¨¯  (A | b) III→ (A′|b′) ¯®ï¢«ï-
¥âáï ­®¢®¥ ãà ¢­¥­¨¥, ª®â®à®¥ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ á¨áâ¥¬ë (A | b),
¯®íâ®¬ã Sol(A | b) ⊂ Sol(A′ | b′). � áá¬ âà¨¢ ï ®¡à â­®¥ í«¥¬¥­â à-
­®¥ ¯à¥®¡à §®¢ ­¨¥, ¤®ª §ë¢ ¥¬ ®¡à â­®¥ ¢ª«îç¥­¨¥ Sol(A′ | b′) ⊂
⊂ Sol(A | b). ¤

�®«ì§ãïáì ¯®á«¥¤­¨¬ ¯à¥¤«®¦¥­¨¥¬, ®¯¨è¥¬

�������� à¥è¥­¨ï á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©.
�ãáâì á¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨© § ¤ ­  à áè¨à¥­­®© ¬ âà¨-

æ¥© (A | b).
1) �à¨¢®¤¨¬ ¬ âà¨æã (A | b) í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨

áâà®ª ª áâã¯¥­ç â®¬ã ¢¨¤ã (¢ë¯®«­ï¥¬ ¯àï¬®© å®¤ ¬¥â®¤  � ãáá ).
�¦¥ ¯®á«¥ íâ®© ¯à®æ¥¤ãàë ¬®¦­® ¤ âì ®â¢¥â ­  ¢®¯à®á ® á®¢¬¥áâ-

­®áâ¨ á¨áâ¥¬ë. �á«¨ ¯®á«¥¤­ïï ­¥­ã«¥¢ ï áâà®ª  ¢ áâã¯¥­ç â®¬
¢¨¤¥ ¨¬¥¥â ¢¨¤ (0, . . . , 0|t), £¤¥ t 6= 0, â® á®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥-
­¨¥ 0 = t ¯à®â¨¢®à¥ç¨¢®, ¨ á¨áâ¥¬  ­¥á®¢¬¥áâ­ . �­ ç¥ ¯à®¤®«¦¨¬
¤¥©áâ¢¨ï ¨ ã¢¨¤¨¬, çâ® ®­¨ ¯à¨¢¥¤ãâ ­ á ª ­¥¯ãáâ®¬ã ¬­®¦¥áâ¢ã
à¥è¥­¨©.39

�ãáâì ¢ ¯®«ãç¥­­®¬ áâã¯¥­ç â®¬ ¢¨¤¥ à®¢­® r ­¥­ã«¥¢ëå áâà®ª
(­ã«¥¢ë¥ áâà®ª¨ ¬®¦­® ¯à®áâ® ®â¡à®á¨âì), ¨ j1 < j2 < . . . < jr 6 n
| ­®¬¥à  áâ®«¡æ®¢, á®¤¥à¦ é¨å ¢¥¤ãé¨¥ í«¥¬¥­âë áâà®ª. � §®-
¢¥¬ £« ¢­ë¬¨ ­¥¨§¢¥áâ­ë¬¨ ­¥¨§¢¥áâ­ë¥ xj1 , . . . , xjr ,   ®áâ «ì­ë¥
­¥¨§¢¥áâ­ë¥ | á¢®¡®¤­ë¬¨.

39�â¨ ­ ¡«î¤¥­¨ï ® á®¢¬¥áâ­®áâ¨ ­ å®¤ïâáï ¢ á®£« á¨¨ á ªà¨â¥à¨¥¬
�à®­¥ª¥à {� ¯¥««¨: ¥á«¨ ¯®á«¥ ¯à¨¢¥¤¥­¨ï ª áâã¯¥­ç â®¬ã ¢¨¤ã ®¤¨­ ¨§ ¢¥-
¤ãé¨å í«¥¬¥­â®¢ áâà®ª à á¯®«®¦¥­ ¢ ¯®á«¥¤­¥¬ áâ®«¡æ¥, â® rg(A | b) = rg A + 1,
¨ á¨áâ¥¬  ­¥á®¢¬¥áâ­ ; ¨­ ç¥ rg(A | b) = rg A, ¨ á¨áâ¥¬  á®¢¬¥áâ­ . � ªâ¨ç¥áª¨
¯à¨¢®¤¨¬ë© §¤¥áì  «£®à¨â¬ ¤ ¥â ¤àã£®¥ ¤®ª § â¥«ìáâ¢® ªà¨â¥à¨ï �à®­¥ª¥à {
� ¯¥««¨.
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2) �à¨¢®¤¨¬ (A | b) í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ áâà®ª ª
ã¯à®é¥­­®¬ã ¢¨¤ã (¢ë¯®«­ï¥¬ ®¡à â­ë© å®¤ ¬¥â®¤  � ãáá ).

3) (�§¬¥­¥­¨¥ ¯®àï¤ª  ­¥¨§¢¥áâ­ëå.) �¥à¥®¡®§­ ç¨¬ ­¥¨§¢¥áâ-
­ë¥ â ª, çâ®¡ë x′1 = xj1 , x′2 = xj2 , . . . , x′r = xjr

áâ «¨ £« ¢­ë¬¨,
  x′r+1, x

′
r+2, . . . , x

′
n | á¢®¡®¤­ë¬¨, ®¤­®¢à¥¬¥­­® ¬¥­ïï ¬¥áâ ¬¨

áâ®«¡æë ¬ âà¨æë. �®á«¥ íâ®£® ¥¤¨­¨ç­ ï ¯®¤¬ âà¨æ  ¯®àï¤ª  r
¯¥à¥¬¥áâ¨âáï ¢ ¯¥à¢ë¥ r áâ®«¡æ®¢, ¨ à áè¨à¥­­ ï ¬ âà¨æ  á¨áâ¥¬ë
¡ã¤¥â ¨¬¥âì (¡«®ç­ë©) ¢¨¤

(
Er R | b̃

)
, £¤¥ R ∈ Mr×(n−r) | ­¥ª®â®-

à ï ¬ âà¨æ . �¥¯¥àì á¨áâ¥¬ã ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ (E R)X ′ = b̃,

£¤¥ X ′ =




x′1
...

x′n


.

4) (à¥§ã«ìâ â) �ª §ë¢ ¥âáï, â¥¯¥àì ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë ¬®-
¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥40

X ′ =
(

b̃
O

)
+

( −R
En−r

)
Λ, (3)

£¤¥ Λ =




λ1

...
λn−r


 | áâ®«¡¥æ ¯à®¨§¢®«ì­ëå ç¨á¥«. �®ª ¦¥¬, çâ® íâ®

¤¥©áâ¢¨â¥«ì­® â ª. �¥à¥¯¨è¥¬ á¨áâ¥¬ã ¢ ¢¨¤¥ EX ′£«. + RX ′á¢. = b̃

⇔ X ′£«. +RX ′á¢. = b̃, £¤¥ X ′£«. =




x′1
...

x′r


 ¨ X ′á¢. =




x′r+1
...

x′n


 | áâ®«¡æë

£« ¢­ëå ¨ á¢®¡®¤­ëå ­¥¨§¢¥áâ­ëå.
�®«®¦¨¬ X ′á¢. = O, X ′£«. = b̃, ¯®«ãç ¥¬ ¢¥à­®¥ à ¢¥­áâ¢®, §­ ç¨â,

¢ ª ç¥áâ¢¥ ç áâ­®£® à¥è¥­¨ï ¬®¦­® ¢§ïâì (¡«®ç­ë©) áâ®«¡¥æ
(

b̃
O

)
.

�áâ ¥âáï ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®© á¨áâ¥¬ë X ′£«. +
+ RX ′á¢. = O. �à¨¤ ¢ ï á¢®¡®¤­ë¬ ­¥¨§¢¥áâ­ë¬ ¯à®¨§¢®«ì­ë¥

40�â¬¥â¨¬, çâ® à¥§ã«ìâ â ­ å®¤¨âáï ¢ á®®â¢¥âáâ¢¨¨ á ­ ©¤¥­­®© ¢ â¥®à¥¬¥ 5.3
áâàãªâãà®© ®¡é¥£® à¥è¥­¨ï.
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§­ ç¥­¨ï, â® ¥áâì ¯®« £ ï X ′á¢. = Λ =




λ1

...
λn−r


, ®¤­®§­ ç­® ­ å®-

¤¨¬ X ′£«. = −RΛ. �âáî¤  X ′ =
(

X ′£«.
X ′á¢.

)
=

(−RΛ
Λ

)
=

( −R
En−r

)
Λ.

�¥âàã¤­® ¢¨¤¥âì, çâ® Φ =
( −R

En−r

)
ï¢«ï¥âáï äã­¤ ¬¥­â «ì­®© ¬ â-

à¨æ¥© á¨áâ¥¬ë X ′£«. +RX ′á¢. = O (áâ®«¡æë ¬ âà¨æë Φ ®¡à §ãîâ «¨-
­¥©­® ­¥§ ¢¨á¨¬ãî á¨áâ¥¬ã, â ª ª ª Φ á®¤¥à¦¨â ¯®¤¬ âà¨æã En−r).

5) (�®§¢à â ª ¨áå®¤­®¬ã ¯®àï¤ªã ­¥¨§¢¥áâ­ëå.) � ¬ âà¨ç­®¬
à ¢¥­áâ¢¥ (3) ­ ¤® ¯¥à¥áâ ¢¨âì áâà®ª¨ â ª, çâ®¡ë ¯¥à¢ë© áâ®«¡¥æ

áâ « áâ®«¡æ®¬ X =




x1

...
xn


.

�à¥¤«®¦¥­¨¥ 5.5. �ãáâì A ∈ Mm×n, rg A = r. �®£¤ 
1) ç¨á«® áâ®«¡æ®¢ ¢ («î¡®©) ��� á¨áâ¥¬ë AX = O à ¢­® n− r.
2) rg(Sol(A |O)) = n− r.41

B 1) �§ ®¯¨á ­­®£®  «£®à¨â¬  ¢ëâ¥ª ¥â, çâ® ®¤­  ¨§ ��� á¨á-
â¥¬ë AX = O á®¤¥à¦¨â à®¢­® n− r áâ®«¡æ®¢.42

2) �«¥¤ã¥â ¨§ 1) ¨ ¯à¥¤«®¦¥­¨ï 5.3. ¤

�«¥¤áâ¢¨¥. �á«¨ n > m (ç¨á«® ­¥¨§¢¥áâ­ëå ¡®«ìè¥ ç¨á«  ãà ¢­¥-
­¨©), â® ®¤­®à®¤­ ï á¨áâ¥¬  AX = O ¨¬¥¥â ­¥­ã«¥¢®¥ à¥è¥­¨¥.

�¢®©áâ¢¥­­®áâì
� ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥ ¬ë ­ ãç¨«¨áì ¯® ¬ âà¨æ¥ A ∈ Mm×n ®¤-

­®à®¤­®© á¨áâ¥¬ë AX = O ­ å®¤¨âì â ªãî ¬ âà¨æã Φ, ¤«ï ª®â®à®©
Sol(A |O) ï¢«ï¥âáï «¨­¥©­®© ®¡®«®çª®© áâ®«¡æ®¢ Φ. �ª §ë¢ ¥âáï
¬ âà¨æ  AT ¨£à ¥â  ­ «®£¨ç­ãî à®«ì ¤«ï ΦT , ¨­ë¬¨ á«®¢ ¬¨, ¢¥à­ 
á«¥¤ãîé ï â¥®à¥¬  ¤¢®©áâ¢¥­­®áâ¨.

41�â® ãâ¢¥à¦¤¥­¨¥ ¬®¦­® ¯¥à¥ä®à¬ã«¨à®¢ âì â ª: áã¬¬  à §¬¥à­®áâ¥© ï¤à 
¨ ®¡à §  «¨­¥©­®£® ®â®¡à ¦¥­¨ï ϕ : Rn → Rm, § ¤ ­­®£® ¬ âà¨æ¥© A, à ¢­  n.

42�®£« á­® ¯à¥¤«®¦¥­¨î 5.3, ®âáî¤  á«¥¤ã¥â, çâ® ¨ «î¡ ï ¤àã£ ï ��� á¨á-
â¥¬ë AX = 0 á®¤¥à¦¨â à®¢­® n− r áâ®«¡æ®¢.



43

�à¥¤«®¦¥­¨¥ 5.6. �ãáâì ¤ ­ë ¬ âà¨æë A =




a1 •
...

am •


 ∈ Mm×n

¨ B =




b1 •
...

bp •


 ∈ Mp×n. �®£¤  Sol(A |O) = 〈b1 •

T , . . . , bp •
T 〉 ⇔

⇔ Sol(B |O) = 〈aT
1 •, . . . , a

T
m •〉.43

B �®ª ¦¥¬ ⇒ (®¡à â­®¥ á«¥¤áâ¢¨¥ ¤®ª §ë¢ ¥âáï â ª ¦¥).
�ãáâì Sol(A |O) = 〈b1 •

T , . . . , bp •
T 〉. � ª ª ª bT

j• | à¥è¥­¨ï á¨á-
â¥¬ë AX = O, â® ai •bT

j• = 0 ¤«ï ¢á¥å i = 1, . . . ,m, j = 1, . . . , p.
�à ­á¯®­¨à®¢ ­¨¥ íâ¨å à ¢¥­áâ¢ ¤ ¥â bj•aT

i • = 0 ¤«ï ¢á¥å i = 1, . . .
. . . ,m, j = 1, . . . , p. �â® ®§­ ç ¥â, çâ® áâ®«¡æë aT

i • ï¢«ïîâáï à¥è¥-
­¨ï¬¨ á¨áâ¥¬ë BX = O: aT

1 • . . . aT
m • ∈ Sol(B |O). �®£¤  ¯® ¯à¥¤«®-

¦¥­¨î 5.2 〈aT
1 • . . . aT

m •〉 ⊂ Sol(B |O).
� ª¦¥ (¯® ¯à¥¤«®¦¥­¨î 5.5 ¨ â¥®à¥¬¥ 2.1) n − rg A =

= rg(Sol(A |O)) = rg(bT
1 •, . . . , bp •

T ) = rg B, ®âªã¤  rg(Sol(B |O)) =
= n− rg B = rg A = rg(aT

1 • . . . aT
m •) = rg〈aT

1 • . . . aT
m •〉.

�§ ¤®ª § ­­®£® à ¢¥­áâ¢  à ­£®¢ ¨ ¢ª«îç¥­¨ï 〈aT
1 • . . . aT

m •〉 ⊂
⊂ Sol(B |O) ¯®«ãç ¥¬ (á­®¢  ¯® â¥®à¥¬¥ 2.1) 〈aT

1 • . . . aT
m •〉 =

= Sol(B |O). ¤
�§ ¯à¥¤ë¤ãé¥£® ¯à¥¤«®¦¥­¨ï ¬ë ¯®«ãç ¥¬

�������� ¢®ááâ ­®¢«¥­¨ï ®¤­®à®¤­®© á¨áâ¥¬ë ¯® ¬­®¦¥áâ¢ã
¥¥ à¥è¥­¨©.

�ãáâì ¤ ­  á¨áâ¥¬  áâ®«¡æ®¢ X1, . . . , Xs ∈ Mn×1. � ©¤¥¬ ­¥ª®-
â®àãî ¬ âà¨æã44 A â ªãî, çâ® Sol(A |O) = 〈X1, . . . , Xs〉.

�®áâ â®ç­® § ¯¨á âì ¬ âà¨æã Φ, á®áâ®ïéãî ¨§ áâ®«¡æ®¢ X1, . . .
. . . , Xs, ­ ©â¨ äã­¤ ¬¥­â «ì­ãî ¬ âà¨æã Ψ á¨áâ¥¬ë ΦT X = O, ¨
¢§ïâì A = ΨT .

43�à¨¢¥¤¥¬ á«¥¤ãîéãî âà ªâ®¢ªã íâ®£® ¯à¥¤«®¦¥­¨ï. �ãáâì ¢ ¯à®áâà ­áâ¢¥
Mn×1 ¢¢¥¤¥­  áâàãªâãà  ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  á® "áâ ­¤ àâ­ë¬" áª «ïà-
­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ (X, Y ) = XT Y . �®£¤  ¯®¤¯à®áâà ­áâ¢  Sol(A |O) ¨ 〈aT

1 •, . . .
. . . , aT

m •〉 | ®àâ®£®­ «ì­ë¥ ¤®¯®«­¥­¨ï ¤àã£ ¤«ï ¤àã£ .
44�®®¡é¥, â ª¨å ¬ âà¨æ ¬®¦¥â ¡ëâì ¡¥áª®­¥ç­® ¬­®£®.
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� ¤ ç¨ ¨ ã¯à ¦­¥­¨ï

1. �¥è¨â¥ á¨áâ¥¬ã





2x3 + x4 − x5 = 2,

−4x3 − 2x4 + 2x5 = −4,

3x1 − 6x2 + 5x3 + x4 + 2x5 = 5,

−x1 + 2x2 + 5x3 + 3x4 − 7x5 = 2.

2. � ©¤¨â¥ å®âï ¡ë ®¤­ã ®¤­®à®¤­ãî á¨áâ¥¬ã, ¨¬¥îéãî ¬­®-

¦¥áâ¢® à¥è¥­¨© 〈




0
−3
2
1


 ,




2
1
0
−1


 ,




4
−1
2
−1


〉.

3. �¥è¨â¥ ¬ âà¨ç­®¥ ãà ¢­¥­¨¥ AXB = C, £¤¥ C ∈ Mm×n |
¯à®¨§¢®«ì­ ï ¬ âà¨æ ,   A ∈ Mm×m ¨ B ∈ Mn×n | ­¥¢ëà®¦-
¤¥­­ë¥ ¬ âà¨æë.

4. �ãáâì Φ ∈ Mn×s | ­¥ª®â®à ï äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  ¤«ï
á¨áâ¥¬ë AX = O. �®ª ¦¨â¥, çâ® ¬­®¦¥áâ¢® ¢á¥å äã­¤ ¬¥­-
â «ì­ëå ¬ âà¨æ ¨¬¥¥â ¢¨¤ ΦS, £¤¥ S ¯à®¡¥£ ¥â ¢á¥ ­¥¢ëà®¦-
¤¥­­ë¥ ¬ âà¨æë ¯®àï¤ª  s.

5. �®ª ¦¨â¥, çâ® ¤¢¥ á®¢¬¥áâ­ë¥ á¨áâ¥¬ë íª¢¨¢ «¥­â­ë â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ª ¦¤®¥ ãà ¢­¥­¨¥ ®¤­®© ¨§ ­¨å ï¢«ï¥âáï
«¨­¥©­®© ª®¬¡¨­ æ¨¥© ãà ¢­¥­¨© ¤àã£®© á¨áâ¥¬ë.

6. �ãáâì A ∈ Mm×n. �ãáâì Φ ∈ Mn×s | äã­¤ ¬¥­â «ì­ ï
¬ âà¨æ  á¨áâ¥¬ë Sol(A |O). �¨áâ¥¬  áâà®ª ¬ âà¨æë Φ á ­®-
¬¥à ¬¨ j1, j2, . . . , js ï¢«ï¥âáï ¡ §¨á­®© ¤«ï Φ â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  «¨­¥©­® ­¥§ ¢¨á¨¬  á¨áâ¥¬  áâ®«¡æ®¢ ¬ âà¨æë A,
¯®«ãç¥­­ ï ¯®á«¥ ¢ëç¥àª¨¢ ­¨ï áâ®«¡æ®¢ á ­®¬¥à ¬¨ j1, j2, . . .
. . . , js.

§ 6. �¯à¥¤¥«¨â¥«ì (¤¥â¥à¬¨­ ­â)
�¥â¥à¬¨­ ­â ª¢ ¤à â­®© ¬ âà¨æë ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­ à §«¨ç-

­ë¬¨ íª¢¨¢ «¥­â­ë¬¨ ¯ãâï¬¨. � ª ¬ë ã¢¨¤¨¬ ­¨¦¥, ¤¥â¥à¬¨­ ­â
¬ âà¨æë ï¢«ï¥âáï «¨­¥©­®© ¨ ª®á®á¨¬¬¥âà¨ç­®© äã­ªæ¨¥© áâà®ª
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¨«¨ áâ®«¡æ®¢ ¬ âà¨æë.45 �«ï ¢ëç¨á«¥­¨ï ®¯à¥¤¥«¨â¥«ï ¬®¦­®
¤¥©áâ¢®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬: í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨-
ï¬¨ áâà®ª ¨ áâ®«¡æ®¢ ¯à¨¢®¤ïâ (®âá«¥¦¨¢ ï ¨§¬¥­¥­¨¥ ®¯à¥¤¥«¨-
â¥«ï) ¬ âà¨æã ª ¬ âà¨æ¥ ¢¥àå­¥âà¥ã£®«ì­®£® ¨«¨ ­¨¦­¥âà¥ã£®«ì-
­®£® ¢¨¤ , ¤«ï ª®â®à®© ®¯à¥¤¥«¨â¥«ì à ¢¥­ ¯à®¨§¢¥¤¥­¨î ç¨á¥«,
áâ®ïé¨å ­  £« ¢­®© ¤¨ £®­ «¨.

�­¤ãªâ¨¢­®¥ ®¯à¥¤¥«¥­¨¥
�®¤¬ âà¨æã à §¬¥à  (m − 1) × (n − 1), ¯®«ãç¥­­ãî ¨§ ¬ âà¨æë

A ∈ Mm×n ¢ëç¥àª¨¢ ­¨¥¬ áâà®ª¨ ai • ¨ áâ®«¡æ  a•j , ­ §®¢¥¬ ¤®¯®«-
­¨â¥«ì­®© ¯®¤¬ âà¨æ¥©, ®â¢¥ç îé¥© í«¥¬¥­âã aij . �®¯®«­¨â¥«ì-
­ãî ¯®¤¬ âà¨æã, ®â¢¥ç îéãî í«¥¬¥­âã aij , ¡ã¤¥¬ ®¡®§­ ç âì Aij .

� ¦¤®© ª¢ ¤à â­®© ¬ âà¨æ¥ A ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ç¨á«®,
­ §ë¢ ¥¬®¥ ®¯à¥¤¥«¨â¥«¥¬ ¨«¨ ¤¥â¥à¬¨­ ­â®¬ ¬ âà¨æë A. �¯à¥-
¤¥«¨â¥«ì ®¡®§­ ç îâ |A| ¨«¨ detA.

�«ï ¬ âà¨æë A = (a11) ¯®àï¤ª  1 ¯®«®¦¨¬ |A| = a11.
�à¥¤¯®« £ ï, çâ® ¤¥â¥à¬¨­ ­â ã¦¥ ®¯à¥¤¥«¥­ ¤«ï ª¢ ¤à â­ëå

¬ âà¨æ ¯®àï¤ª  n − 1, § ¤ ¤¨¬ |A| ¤«ï ¬ âà¨æë A = (aij) ¯®àï¤ª 
n á«¥¤ãîé¥© ä®à¬ã«®© à §«®¦¥­¨ï ¯® ¯¥à¢®¬ã áâ®«¡æã:

|A| =
n∑

i=1

(−1)i+1ai1|Ai1|. (4)

�á­®¢­ë¥ á¢®©áâ¢ 
�¥®à¥¬  6.1. �á«¨ A = (aij) | ¢¥àå­¥âà¥ã£®«ì­ ï ¬ âà¨æ  ¯®-
àï¤ª  n, â® |A| = a11a22 . . . ann.

B �à¨¬¥­¨¬ ¨­¤ãªæ¨î ¯® n. �«ï ¬ âà¨æ ¯®àï¤ª  1 ãâ¢¥à¦¤¥-
­¨¥ ¢¥à­®. �ãáâì ãâ¢¥à¦¤¥­¨¥ ¢¥à­® ¤«ï ¬ âà¨æ ¯®àï¤ª  n− 1.

45� ª ¬®¦­® § ¬¥â¨âì, íâ® ¨ ¤àã£¨¥ á¢®©áâ¢  ®¯à¥¤¥«¨â¥«ï ­ å®¤ïâáï ¢ á®£« -
á¨¨ á ¥£® á«¥¤ãîé¥© £¥®¬¥âà¨ç¥áª®© ¨­â¥à¯à¥â æ¨¥©. �ãáâì ¢ ­¥ª®â®à®¬ ¡ §¨á¥
e1, . . . , en n-¬¥à­®£® ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  n ¢¥ªâ®à®¢ a1, . . . ,an § ¤ ­ë ª®-
®à¤¨­ â­ë¬¨ áâ®«¡æ ¬¨, ª®â®àë¥ § ¯¨á ­ë ¢ ¬ âà¨æã A à §¬¥à  n × n. �®£¤ 
®¯à¥¤¥«¨â¥«ì ¬ âà¨æë A | íâ® ®â­®è¥­¨¥ ®à¨¥­â¨à®¢ ­­ëå ®¡ê¥¬®¢ ¯ à ««¥-
«¥¯¨¯¥¤®¢ V±(a1, . . . ,an)

V±(e1, . . . , en)
.
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�á¥ í«¥¬¥­âë ¯¥à¢®£® áâ®«¡æ  ¬ âà¨æë A, ªà®¬¥ ¢®§¬®¦­® a11,
à ¢­ë 0, ¯®íâ®¬ã |A| = a11|A11|. �® A11 | ¢¥àå­¥âà¥ã£®«ì­ ï ¬ â-
à¨æ  ¯®àï¤ª  n−1 á ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨ a22, . . . , ann, §­ ç¨â,
|A11| = a22 . . . ann. ¤

�«¥¤áâ¢¨¥. | diag(λ1, λ2, . . . , λn)| = λ1λ2 . . . λn, ¢ ç áâ­®áâ¨, |E| =
= 1; |Di(λ)| = λ.

�¥®à¥¬  6.2 («¨­¥©­®áâì ¯® áâà®ª ¬). �ãáâì ¤ ­ë ª¢ ¤à â­ë¥

¬ âà¨æë A =




a1 •
...

an•


, A′ =




a′1 •
...

a′n•


, A′′ =




a′′1 •
...

a′′n•


 , ª®â®àë¥ ®â«¨-

ç îâáï â®«ìª® ¢ ®¤­®© áâà®ª¥, â® ¥áâì ¤«ï ­¥ª®â®à®£® ­®¬¥à  k
¢ë¯®«­¥­® ai • = a′i • = a′′i• ¯à¨ i 6= k. �®£¤ 

1) ¥á«¨ ak • = a′k • + a′′k •, â® |A| = |A′|+ |A′′|;
2) ¥á«¨ ak • = λa′k •, â® |A| = λ|A′|.
B �à¨¬¥­¨¬ ¨­¤ãªæ¨î ¯® n. �«ï ¬ âà¨æ ¯®àï¤ª  1 ãâ¢¥à¦¤¥-

­¨¥ ¢¥à­®. �à¥¤¯®« £ ï, çâ® ãâ¢¥à¦¤¥­¨¥ ¢¥à­® ¤«ï ¬ âà¨æ ¯®àï¤ª 
n− 1, ¤®ª ¦¥¬ ¥£® ¤«ï ¬ âà¨æ A, A′, A′′ ¯®àï¤ª  n.

1) � ¯¨è¥¬ à §«®¦¥­¨¥ |A| ¯® ¯¥à¢®¬ã áâ®«¡æã, ¢ë¤¥«¨¢ ®â-
¤¥«ì­® k-¥ á« £ ¥¬®¥: |A| = ∑

i 6=k

(−1)i+1ai1|Ai1|+(−1)k+1ak1|Ak1|. �à¨

i 6= k ¬ âà¨æë Ai1, A′i1 ¨ A′′i1, ®â«¨ç îâáï ¢ ®¤­®© áâà®ª¥, ¯à¨ç¥¬
á®®â¢¥âáâ¢ãîé ï áâà®ª  ¬ âà¨æë Ai1 à ¢­  áã¬¬¥ áâà®ª ¬ âà¨æ A′i1
¨ A′′i1. �®£« á­® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ |Ai1| = |A′i1| + |A′′i1| ¯à¨
i 6= k. �ç¨âë¢ ï, çâ® Ak1 = A′k1 = A′′k1 ¨ ai1 = a′i1 = a′′i1 ¯à¨ i 6= k,
¨¬¥¥¬

|A| =
∑

i 6=k

(−1)i+1ai1(|A′i1|+ |A′′i1|) + (−1)k+1(a′k1 + a′′k1)|Ak1| =

=


∑

i 6=k

(−1)i+1ai1|A′i1|+ (−1)k+1a′k1|Ak1|

+

+


∑

i 6=k

(−1)i+1ai1|A′′i1|+ (−1)k+1a′′k1|Ak1|

 =
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=


∑

i 6=k

(−1)i+1a′i1|A′i1|+ (−1)k+1a′k1|A′k1|

+

+


∑

i 6=k

(−1)i+1a′′i1|A′′i1|+ (−1)k+1a′′k1|A′′k1|

 = |A′|+ |A′′|.

2) �­ «®£¨ç­® 1), |A| = ∑
i 6=k

(−1)i+1ai1|Ai1|+ (−1)k+1ak1|Ak1| =

=
∑

i 6=k

(−1)i+1a′i1(λ|A′i1|) + (−1)k+1(λa′k1)|A′k1| =

= λ

(
∑
i 6=k

(−1)i+1a′i1|A′i1|+ (−1)k+1a′k1|A′k1|
)

= λ|A′|. ¤

�«¥¤áâ¢¨¥ 1. �à¨ ¢ë¯®«­¥­¨¨ í«¥¬¥­â à­®£® ¯à¥®¡à §®¢ ­¨ï
áâà®ª D̃i(λ) II â¨¯  ®¯à¥¤¥«¨â¥«ì ã¬­®¦ ¥âáï ­  λ.

�«¥¤áâ¢¨¥ 2. �¯à¥¤¥«¨â¥«ì ¬ âà¨æë á ­ã«¥¢®© áâà®ª®© à ¢¥­ 0.

B � ãâ¢¥à¦¤¥­¨¨ 2) â¥®à¥¬ë ¤®áâ â®ç­® ¯®«®¦¨âì λ = 0. ¤
� «¥¥ ¤®ª ¦¥¬, çâ® ®¯à¥¤¥«¨â¥«ì ¨§¬¥­¨â §­ ª, ¥á«¨ ¯®¬¥­ïâì

¬¥áâ ¬¨ ¤¢¥ áâà®ª¨ ¬ âà¨æë. �­ ç «¥ à áá¬®âà¨¬ á«ãç © ¤¢ãå á®-
á¥¤­¨å áâà®ª.

�¥¬¬ . �ãáâì ª¢ ¤à â­ë¥ ¬ âà¨æë A ¨ A′ â ª®¢ë, çâ® (¤«ï ­¥-
ª®â®à®£® ­®¬¥à  k) P̃k k+1(A) = A′. �®£¤  |A′| = −|A|.

B �«ï ¬ âà¨æ ¯®àï¤ª  1 ­¥ç¥£® ¤®ª §ë¢ âì. �à¥¤¯®« £ ï, çâ®
ãâ¢¥à¦¤¥­¨¥ ¢¥à­® ¤«ï ¬ âà¨æ ¯®àï¤ª  n−1, ¤®ª ¦¥¬ ¥£® ¤«ï ¬ â-
à¨æ ¯®àï¤ª  n.

�®«®¦¨¬ A =




a1 •
...

an•


, A′ =




a′1 •
...

a′n•


, £¤¥ a′i • = ai • ¯à¨ i 6= k, k+1,

¨ a′k • = ak+1•, a′k+1 • = ak •.
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� ¯¨è¥¬ à §«®¦¥­¨¥ |A| ¯® ¯¥à¢®¬ã áâ®«¡æã, ¢ë¤¥«¨¢ ®â-
¤¥«ì­® k-¥ ¨ (k + 1)-¥ á« £ ¥¬ë¥: |A| =

∑
i 6=k,k+1

(−1)i+1ai1|Ai1| +

+ (−1)k+1ak1|Ak1|+ (−1)k+2ak+1 1|Ak+1 1|. �à¨ i 6= k, k + 1 ¬ âà¨æë
Ai1 ¨ A′i1 ¯®«ãç îâáï ¤àã£ ¨§ ¤àã£  ¯¥à¥áâ ­®¢ª®© ¤¢ãå á®á¥¤­¨å
áâà®ª, §­ ç¨â, ¯® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ |Ai1| = −|A′i1|. �ç¨-
âë¢ ï, çâ® Ak1 = A′k+1 1, Ak+1 1 = A′k1, ak1 = a′k+1 1, ak+1 1 = a′k1

¨ ai1 = a′i1 ¯à¨ i 6= k, k + 1, ¨¬¥¥¬ |A| =
∑

i 6=k,k+1

(−1)i+1a′i1(−|A′i1|) +

+(−1)k+1a′k+1 1|A′k+1 1|+(−1)k+2a′k 1|A′k 1| = − ∑
i 6=k,k+1

(−1)i+1a′i1|A′i1|−
− (−1)k+2a′k+1 1|A′k+1 1| − (−1)k+1a′k 1|A′k 1| = −|A′|. ¤

�à¥¤«®¦¥­¨¥ 6.1. �ãáâì ¬ âà¨æ  A′ ¯®«ãç ¥âáï ¨§ ¬ âà¨æë A
¯à¨¬¥­¥­¨¥¬ í«¥¬¥­â à­®£® ¯à¥®¡à §®¢ ­¨ï áâà®ª II â¨¯ . �®£¤ 
|A′| = −|A|.

B �®«®¦¨¬ A′ = P̃kl(A). �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ k < l. �®£¤ 
P̃kl ¬®¦­® ¯®«ãç¨âì, ¯®á«¥¤®¢ â¥«ì­® ¢ë¯®«­ïï P̃k k+1, P̃k+1 k+2, . . .

. . ., P̃l−2 l−1, P̃l−1 l, P̃l−2 l−1, . . . , P̃k+1 k+2, P̃k k+1. � ª¨¬ ®¡à §®¬, P̃kl

¬®¦­® ®áãé¥áâ¢¨âì §  (2(l − k)− 1) ®¡¬¥­®¢ á®á¥¤­¨å áâà®ª. �® ¨§
«¥¬¬ë á«¥¤ã¥â, çâ® ¢ à¥§ã«ìâ â¥ ­¥ç¥â­®£® ç¨á«  ®¡¬¥­®¢ á®á¥¤­¨å
áâà®ª |A| ¯®¬¥­ï¥âáï ­  −|A|. ¤

�«¥¤áâ¢¨¥ 1. �¯à¥¤¥«¨â¥«ì ¬ âà¨æë, á®¤¥à¦ é¥© ¤¢¥ à ¢­ë¥
áâà®ª¨, à ¢¥­ 0.

�«¥¤áâ¢¨¥ 2. |Pij | = −1.

�à¥¤«®¦¥­¨¥ 6.2. �ãáâì ¬ âà¨æ  A′ ¯®«ãç ¥âáï ¨§ ¬ âà¨æë A
¯à¨¬¥­¥­¨¥¬ í«¥¬¥­â à­®£® ¯à¥®¡à §®¢ ­¨ï áâà®ª III â¨¯ . �®£¤ 
|A′| = |A|.

B �ãáâì ¬ âà¨æ  A′ ¯®«ãç ¥âáï ¨§ ¬ âà¨æë A =




a1 •
...

an•


 ¯à¥®¡-

à §®¢ ­¨¥¬ T̃kl(λ), â® ¥áâì A′ =




a′1 •
...

a′n•


, £¤¥ a′i • = ai • ¯à¨ i 6= k, ¨
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a′k• = ak• + λal•. � áá¬®âà¨¬ ¬ âà¨æã A′′ =




a′′1 •
...

a′′n•


, ª®â®à ï ¯®«ã-

ç ¥âáï ¨§ A § ¬¥­®© k-© áâà®ª¨ ­  l-î, â® ¥áâì a′′i • = ai • ¯à¨ i 6= k, ¨
a′′k• = al•. �® â¥®à¥¬¥ 6.2 ¨¬¥¥¬ |A′| = |A| + λ|A′′|, ­® ¯® á«¥¤áâ¢¨î
1 ¨§ ¯à¥¤«®¦¥­¨ï 6.1, |A′′| = 0. ¤
�«¥¤áâ¢¨¥. |Tij(λ)| = 1.
�¥®à¥¬  6.3 (ªà¨â¥à¨© ­¥¢ëà®¦¤¥­­®áâ¨-2). �«ï ¬ âà¨æë
A ∈ Mn×n íª¢¨¢ «¥­â­ë á«¥¤ãîé¨¥ ãá«®¢¨ï: A ­¥¢ëà®¦¤¥­­ ï (=
®¡à â¨¬ ï) ⇔ |A| 6= 0.

B � ª ¬ë ¯®ª § «¨ ¢ ¯à¥¤ë¤ãé¨å ãâ¢¥à¦¤¥­¨ïå, ãá«®¢¨¥ |A| =
= 0 ­¥ ¨§¬¥­ï¥âáï ¯à¨ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå áâà®ª. �á«¨ A
­¥¢ëà®¦¤¥­­ ï, â® ¯® â¥®à¥¬¥ 4.3 A ¯à¨¢®¤¨âáï í«¥¬¥­â à­ë¬¨ ¯à¥-
®¡à §®¢ ­¨ï¬¨ áâà®ª ª ¥¤¨­¨ç­®© ¬ âà¨æ¥, ¯®íâ®¬ã |A| 6= 0. �á«¨
¦¥ A ¢ëà®¦¤¥­ , â® ®­  ¯à¨¢®¤¨âáï í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨-
ï¬¨ áâà®ª ª ­¥ª®â®à®© ¬ âà¨æ¥ A′ ã¯à®é¥­­®£® ¢¨¤ , á®¤¥à¦ é¥©
áâà®ªã ­ã«¥©. �®íâ®¬ã (á¬. á«¥¤áâ¢¨¥ 2 ¨§ â¥®à¥¬ë 6.2) |A′| = 0 ⇒
|A| = 0. ¤

�«¥¤ãîé ï â¥®à¥¬  | ®¡ ®¯à¥¤¥«¨â¥«¥ ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ.46

�­ ç «¥ ¤®ª ¦¥¬ «¥¬¬ã (ï¢«ïîéãîáï ç áâ­ë¬ á«ãç ¥¬ â¥®à¥¬ë).
�¥¬¬ . �ãáâì S, A ∈ Mn×n, ¯à¨ç¥¬ S | í«¥¬¥­â à­ ï ¬ âà¨æ .
�®£¤  |SA| = |S| · |A|.

B � ª ­ ¬ ¨§¢¥áâ­® (¯à¥¤«®¦¥­¨¥ 4.2), SA | íâ® ¬ âà¨æ , ¯®-
«ãç¥­­ ï ¨§ A á®®â¢¥âáâ¢ãîé¨¬ í«¥¬¥­â à­ë¬ ¯à¥®¡à §®¢ ­¨¥¬
áâà®ª. �®£« á­® â¥®à¥¬¥ 6.2 ¨ ¯à¥¤«®¦¥­¨ï¬ 6.1, 6.2, ¨¬¥¥¬: ¥á«¨
S = Pij , â® |S| = −1, |SA| = |P̃ij(A)| = −|A|; ¥á«¨ S = Di(λ), â®
|S| = λ, |SA| = |D̃i(λ)(A)| = λ|A|; ¥á«¨ S = Tij(λ), â® |S| = 1,
|SA| = |T̃ij(λ)(A)| = |A|. � ª ¢¨¤¨¬, ¢® ¢á¥å âà¥å á«ãç ïå à ¢¥­áâ¢®
|SA| = |S| · |A| ¢ë¯®«­¥­®. ¤

46�â  â¥®à¥¬  ¨¬¥¥â á«¥¤ãîéãî âà ªâ®¢ªã. � áá¬®âà¨¬ «¨­¥©­ë¥ ¯à¥®¡à §®-
¢ ­¨ï ϕ : Rn → Rn ¨ ψ : Rn → Rn, § ¤ ­­ë¥ (¢ ­¥ª®â®à®¬ ¡ §¨á¥) ¬ âà¨æ ¬¨ A
¨ B. �®£¤  |A| | ª®íää¨æ¨¥­â ¨§¬¥­¥­¨ï ®à¨¥­â¨à®¢ ­­®£® ®¡ê¥¬  ¯à¨ ¢ë¯®«-
­¥­¨¨ ϕ, |B| | á®®â¢¥âáâ¢ãîé¨© ª®íää¨æ¨¥­â ¤«ï ψ, |AB| | á®®â¢¥âáâ¢ãîé¨©
ª®íää¨æ¨¥­â ¤«ï ϕψ.
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�¥®à¥¬  6.4 (¯à®¨§¢¥¤¥­¨¥ ®¯à¥¤¥«¨â¥«¥©). ∀ A, B ∈ Mn×n

¢ë¯®«­¥­® |AB| = |A| · |B|.
B 1) �á«¨ |A| = 0, â® ¯® â¥®à¥¬¥ 6.3 rg A < n⇒ (¯® ¯à¥¤«®¦¥­¨î

3.3) rg(AB) < n ⇒ (¯® â¥®à¥¬¥ 6.3) |AB| = 0.
2) �á«¨ |A| 6= 0, â® A ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï

­¥áª®«ìª¨å í«¥¬¥­â à­ëå ¬ âà¨æ (â¥®à¥¬  4.3): A = S1S2 . . . Sk.
�®£¤  ¨§ «¥¬¬ë á«¥¤ã¥â, çâ® |A| = |S1| · |S2 . . . Sk| = |S1| · |S2| · |S3 . . .
. . . Sk| = . . . = |S1| · |S2| · |S3| · . . . · |Sk|. � ª¦¥ |AB| = |S1S2 . . . SkB| =
= |S1| · |S2 . . . SkB| = |S1| · |S2| · |S3 . . . SkB| = . . . = |S1| · |S2| · |S3| · . . .
. . . · |Sk| · |B| = |A| · |B|. ¤

�«¥¤áâ¢¨¥. �á«¨ A | ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ  ¯®àï¤ª  n, â®
|A−1| = |A|−1.

B AA−1 = E ⇒ |A||A−1| = 1. ¤

�¥®à¥¬  6.5 (âà ­á¯®­¨à®¢ ­¨¥ ®¯à¥¤¥«¨â¥«ï). ∀ A ∈ Mn×n

¢ë¯®«­¥­® |AT | = |A|.
B 1) �á«¨ |A| = 0, â® rg A < n ⇒ rg(AT ) < n ⇒ |AT | = 0.
2) �¥âàã¤­® ¢¨¤¥âì (á¬. ¯à¥¤«®¦¥­¨¥ 4.1), çâ® à ¢¥­áâ¢® |ST | =

= |S| ¢¥à­® ¤«ï í«¥¬¥­â à­®© ¬ âà¨æë S. �á«¨ |A| 6= 0, â® A ¬®¦­®
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ­¥áª®«ìª¨å í«¥¬¥­â à­ëå ¬ âà¨æ:
A = S1S2 . . . Sk. �®£¤  |A| = |S1S2 . . . Sk| = |S1| · |S2| . . . |Sk|; |AT | =
= |ST

k ST
k−1 . . . ST

1 | = |ST
k | · |ST

k−1| . . . |ST
1 | = |Sk| · |Sk−1| · . . . · |S1|. ¤

�«¥¤áâ¢¨¥. �¯à¥¤¥«¨â¥«ì ­¨¦­¥âà¥ã£®«ì­®© ¬ âà¨æë à ¢¥­
¯à®¨§¢¥¤¥­¨î ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢.

B �«¥¤ã¥â ¨§ â¥®à¥¬ë 6.1. ¤
�à¥¤ë¤ãé ï â¥®à¥¬  ãáâ ­ ¢«¨¢ ¥â "à ¢­®¯à ¢¨¥" ¬¥¦¤ã áâà®-

ª ¬¨ ¨ áâ®«¡æ ¬¨, çâ® ¯®§¢®«ï¥â ¢® ¬­®£¨å ¤®ª § ­­ëå ãâ¢¥à¦¤¥-
­¨ïå áâà®ª¨ § ¬¥­¨âì ­  áâ®«¡æë. �¡ê¥¤¨­¨¬ ¯®«ãç¥­­ë¥ à¥§ã«ì-
â âë ¢ á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  6.6. �à¨ ¢ë¯®«­¥­¨¨ í«¥¬¥­â à­®£® ¯à¥®¡à §®¢ ­¨ï
áâà®ª ¨ áâ®«¡æ®¢
I â¨¯  | ®¯à¥¤¥«¨â¥«ì ¬¥­ï¥â §­ ª;
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II â¨¯  (ã¬­®¦¥­¨¥ áâà®ª¨ ¨«¨ áâ®«¡æ  ­  λ) | ®¯à¥¤¥«¨â¥«ì
ã¬­®¦ ¥âáï ­  λ;
III â¨¯  | ®¯à¥¤¥«¨â¥«ì ­¥ ¨§¬¥­ï¥âáï.

B �«¥¤ã¥â ¨§ â¥®à¥¬ 6.5, 6.2 ¨ ¯à¥¤«®¦¥­¨© 6.1, 6.2. ¤
�®à¬ã« ,  ­ «®£¨ç­ ï (4), ¬®¦¥â ¡ëâì § ¯¨á ­  ¨ ¤«ï «î¡®£®

áâ®«¡æ  ¨«¨ áâà®ª¨.

�¥®à¥¬  6.7 (à §«®¦¥­¨¥ ¯® «î¡®¬ã áâ®«¡æã ¨«¨ áâà®ª¥).
�«ï ¬ âà¨æë A = (aij) ∈ Mn×n ¢ë¯®«­¥­ë à ¢¥­áâ¢ :
1) |A| =

n∑
i=1

(−1)i+jaij |Aij | ¤«ï ª ¦¤®£® j = 1, 2, . . . , n;

2) |A| =
n∑

j=1

(−1)i+jaij |Aij | ¤«ï ª ¦¤®£® i = 1, 2, . . . , n.

B 1) �à¨¬¥­¨¬ j − 1 í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© áâ®«¡æ®¢
I â¨¯ , ¯®á«¥¤®¢ â¥«ì­® ¯®¬¥­ï¢ áâ®«¡æë á ­®¬¥à ¬¨ j ¨ j− 1, j− 1
¨ j − 2, ¨ â. ¤., 2 ¨ 1. � ª¨¬ ®¡à §®¬, j-© áâ®«¡¥æ ¯¥à¥¬¥áâ¨«áï ­ 
¬¥áâ® 1-£®; ¯à¨ íâ®¬ ®¯à¥¤¥«¨â¥«ì ã¬­®¦¨«áï ­  (−1)j−1. �¥¯¥àì
­ã¦­®¥ à ¢¥­áâ¢® á«¥¤ã¥â ¨§ ä®à¬ã«ë (4).

2) �®á¯®«ì§ã¥¬áï â¥®à¥¬®© 6.5. �à ­á¯®­¨àã¥¬ ¬ âà¨æã (¯à¨
íâ®¬ á®®â¢¥âáâ¢ãîé¨¥ ¤®¯®«­¨â¥«ì­ë¥ ¯®¤¬ âà¨æë â®¦¥ âà ­á¯®-
­¨àãîâáï) ¨ ¯à¨¬¥­¨¬ à ¢¥­áâ¢®, ¤®ª § ­­®¥ ¢ ¯¥à¢®¬ ¯ã­ªâ¥. ¤

�¢­®¥ à §«®¦¥­¨¥ ®¯à¥¤¥«¨â¥«ï
�ãáâì (i1, i2, . . . , in) | ¯¥à¥áâ ­®¢ª  ç¨á¥« a1 < a2 < . . . < an

(â. ¥. ç¨á«  a1, a2, . . . , an, § ¯¨á ­­ë¥ ¢ ­¥ª®â®à®¬ ¯®àï¤ª¥). �¥-
à¥§ S(a1, a2, . . . , an) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ¯¥à¥áâ ­®¢®ª ç¨á¥«
a1, a2, . . . , an.

�ã¤¥¬ £®¢®à¨âì, çâ® ¯ à  ik, il, £¤¥ 1 6 k < l 6 n, ï¢«ï-
¥âáï ¨­¢¥àá¨¥©, ¥á«¨ ik > il. � ª¨¬ ®¡à §®¬, ª ¦¤®© ¯¥à¥áâ ­®¢ª¥
(i1, i2, . . . , in) á®®â¢¥âáâ¢ã¥â ­¥ª®â®à®¥ ç¨á«® ¨­¢¥àá¨©; ®¡®§­ ç¨¬ ¥£®
N(i1, i2, . . . , in). �á«¨ N(i1, i2, . . . , in) | ç¥â­®¥ ç¨á«®, â® ¯¥à¥áâ -
­®¢ª  (i1, i2, . . . , in) ­ §ë¢ ¥âáï ç¥â­®©, ¢ ¯à®â¨¢­®¬ á«ãç ¥ | ­¥-
ç¥â­®©.
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�¥®à¥¬  6.8. �«ï ¬ âà¨æë A = (aij) ∈ Mn×n ¢ë¯®«­¥­® à -
¢¥­áâ¢®

|A| =
∑

(i1,i2,...,in)∈
S(1,2,...,n)

(−1)N(i1,i2,...,in)ai11ai22 . . . ainn. (5)

B �à¨¬¥­¨¬ ¨­¤ãªæ¨î ¯® n. � §  ¨­¤ãªæ¨¨ âà¨¢¨ «ì­ .
�¥à¥áâ ­®¢ª¨ (i1, i2, . . . , in) ¨§ S(1, 2, . . . , n), ¤«ï ª®â®àëå i1 à ¢­®

ä¨ªá¨à®¢ ­­®¬ã i ∈ {1, 2, . . . , n}, ¨¬¥îâ ¢¨¤ (i, i2, . . . , in), £¤¥ (i2, . . .
. . . , in) | ¯¥à¥áâ ­®¢ª  ¨§ S(1, 2, . . . , i− 1, i+1, . . . , n). � ¬¥â¨¬, çâ®
N(i, i2, . . . , in) = N(i2, . . . , in) + i − 1, â ª ª ª i1 = i ¢å®¤¨â à®¢­® ¢
i− 1 ¨­¢¥àá¨©. �âáî¤  áã¬¬  ¢ ¯à ¢®© ç áâ¨ (5) à ¢­ 

n∑

i=1

∑

(i,i2,...,in)∈
S(1,2,...,n)

(−1)N(i,i2,...,in)ai1ai22 . . . ainn =
n∑

i=1

ai1Si1, £¤¥

Si1 =
∑

(i2,...,in)∈
S(1,...,i−1,i+1,...,n)

(−1)N(i2,...,in)+i−1ai22 . . . ainn =

= (−1)i+1
∑

(i2,...,in)∈
S(1,2,...,i−1,i+1,...,n)

(−1)N(i2,...,in)ai22 . . . ainn.

� ª ¢¨¤¨¬, áã¬¬  Si1 à ¢­  (¯® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨)
(−1)i+1|Ai1| (¢ ¯®¤¬ âà¨æ¥ Ai1 áâà®ª¨ ­ã¬¥àãîâáï ç¨á« ¬¨ 1, 2, . . .
. . . , i − 1, i + 1, . . . , n,   áâ®«¡æë | ç¨á« ¬¨ 2, 3, . . . , n), ¯®íâ®¬ã (5)
á«¥¤ã¥â ¨§ (4). ¤

�®à¬ã«ë á ¨á¯®«ì§®¢ ­¨¥¬ ®¯à¥¤¥«¨â¥«ï

�«ï ¬ âà¨æë A ∈ Mn×n ¨ áâ®«¡æ  t =




t1
t2
...
tn


 ç¥à¥§ Ak(t) ®¡®§­ -

ç¨¬ ¬ âà¨æã, ¯®«ãç¥­­ãî ¨§ A § ¬¥­®© k-£® áâ®«¡æ  ­  áâ®«¡¥æ t.
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� ¬¥â¨¬, çâ® ¯® â¥®à¥¬¥ 6.7 áã¬¬ 
n∑

i=1

(−1)i+kti|Aik| à ¢­  ®¯à¥¤¥-
«¨â¥«î |Ak(t)|.

�à¥¤«®¦¥­¨¥ 6.3 (¯à ¢¨«® �à ¬¥à ). �ãáâì A ∈ Mn×n | ­¥-

¢ëà®¦¤¥­­ ï ¬ âà¨æ , ¨ áâ®«¡¥æ X =




x1

x2

...
xn


 ï¢«ï¥âáï (¥¤¨­áâ-

¢¥­­ë¬) à¥è¥­¨¥¬ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© AX = b. �®£¤ 
xk =

|Ak(b)|
|A| (¤«ï k = 1, 2, . . . , n).47

B �®¬­®¦¨¬ i-¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ­  (−1)i+k|Aik|, ¨ á«®¦¨¬
¢á¥ ¯®«ãç¨¢è¨¥áï ãà ¢­¥­¨ï. �®«ãç¨¬ ãà ¢­¥­¨¥

n∑
j=1

cjxj = d, £¤¥

cj =
n∑

i=1

(−1)i+k|Aik|aij = |Ak(a•j)|, d =
n∑

i=1

(−1)i+k|Aik|bi = |Ak(b)|.
�à¨ j 6= k ¬ âà¨æ  Ak(a•j) ¨¬¥¥â ¤¢  à ¢­ëå áâ®«¡æ  (j-© ¨ k-©),
¯®íâ®¬ã cj = |Ak(a•j)| = 0. �®áª®«ìªã Ak(a•k) = A, ¨¬¥¥¬ |A|xk =
= |Ak(b)|. ¤

�à¥¤«®¦¥­¨¥ 6.4 (ä®à¬ã«  ®¡à â­®© ¬ âà¨æë). �ãáâì A =
= (aij) ∈ Mn×n | ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ , A−1 = (xij). �®£¤ 

xij =
(−1)i+j |Aji|

|A| (¤«ï i = 1, 2, . . . , n, j = 1, 2, . . . , n).

B �§ à ¢¥­áâ¢  AA−1 = E á«¥¤ã¥â, çâ® áâ®«¡¥æ x•j ®¡à â­®©
¬ âà¨æë ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë Ax•j = ej , £¤¥ ¢ áâ®«¡æ¥ ej ¢á¥
í«¥¬¥­âë, §  ¨áª«îç¥­¨¥¬ ¥¤¨­¨æë ­  j-¬ ¬¥áâ¥ | ­ã«¨. �® ¯à -
¢¨«ã �à ¬¥à  xij =

|Ai(ej)|
|A| . � áª« ¤ë¢ ï |Ai(ej)| ¯® i-¬ã áâ®«¡æã,

¯®«ãç ¥¬, çâ® |Ai(ej)| = (−1)i+j |Aji|. ¤

47�à ¢¨«® �à ¬¥à  ¯®ª §ë¢ ¥â, ç¥¬ã à ¢­ë ª®íää¨æ¨¥­âë ¢ à §«®¦¥­¨¨ ¯®
¢¥ªâ®à  ¯® ¡ §¨áã ¢ â¥à¬¨­ å ®à¨¥­â¨à®¢ ­­ëå ®¡ê¥¬®¢.
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� ¤ ç¨ ¨ ã¯à ¦­¥­¨ï
1. �ëç¨á«¨â¥ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë ¯®àï¤ª  n:

 )

∣∣∣∣∣∣∣∣∣∣∣

1 2 2 . . . 2
2 1 2 . . . 2
2 2 1 . . . 2
...

...
... . . . ...

2 2 2 . . . 1

∣∣∣∣∣∣∣∣∣∣∣

; ¡)

∣∣∣∣∣∣∣∣∣∣∣∣

2 1 0 . . . 0
1 2 1 . . . 0
0 1 2 . . . 0
. . . . . . . . . .
0 0 . . . 2 1
0 0 . . . 1 2

∣∣∣∣∣∣∣∣∣∣∣∣

.

2. � ­ë ¬ âà¨æë A ∈ Mm×m, B ∈ Mn×n, C ∈ Mm×n. �®ª ¦¨â¥,
çâ® ®¯à¥¤¥«¨â¥«ì ¡«®ç­®© ¬ âà¨æë á "ã£«®¬ ­ã«¥©"

(
A C
O B

)

à ¢¥­ |A| · |B|.
3. � ª ¨§¬¥­¨âáï ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë A ∈ Mn×n, ¥á«¨  ) ¯¥à¥-

áâ ¢¨âì ¥¥ áâà®ª¨ ¢ ®¡à â­®¬ ¯®àï¤ª¥; ¡) "®âà §¨âì" ¬ âà¨æã
á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® ¥¥ æ¥­âà ?

4.  ) �ëà §¨â¥ | −A| ç¥à¥§ |A| (¢ § ¢¨á¨¬®áâ¨ ®â ¯®àï¤ª  n ¬ â-
à¨æë A). ¡) �®ª ¦¨â¥, çâ® ª®á®á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ  ­¥-
ç¥â­®£® ¯®àï¤ª  ¢á¥£¤  ¢ëà®¦¤¥­­ ï.

5. �®ª ¦¨â¥, çâ® (¯à¨ n > 2) ¢ ï¢­®¬ à §«®¦¥­¨¨ ®¯à¥¤¥«¨â¥«ï
ª®«¨ç¥áâ¢  á« £ ¥¬ëå á® §­ ª®¬ "+" ¨ á® §­ ª®¬ "−" à ¢­ë.

6. �ãáâì ¢á¥ í«¥¬¥­âë ª¢ ¤à â­®© ¬ âà¨æ  A | æ¥«ë¥ ç¨á« ,
¯à¨ç¥¬ ¢á¥ í«¥¬¥­âë ­  £« ¢­®© ¤¨ £®­ «¨ ­¥ç¥â­ë¥,   ¢­¥
£« ¢­®© ¤¨ £®­ «¨ ç¥â­ë¥. �®ª ¦¨â¥, çâ® ¬ âà¨æ  A ­¥¢ë-
à®¦¤¥­­ ï.

7. � ­  ®¡à â¨¬ ï ¬ âà¨æ  A, ¢á¥ í«¥¬¥­âë ª®â®à®© | æ¥«ë¥
ç¨á« . �®ª ¦¨â¥, çâ® ¢á¥ í«¥¬¥­âë ¬ âà¨æë A−1 | æ¥«ë¥
ç¨á«  ⇔ |A| = ±1.
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�à¨«®¦¥­¨¥
�®£¨ª 
� «®£¨ç¥áª¨å à ááã¦¤¥­¨ïå ¨­®£¤  ¤«ï ªà âª®áâ¨ ¨á¯®«ì§ãîâáï

á«¥¤ãîé¨¥ §­ ª¨.
⇒ | §­ ª á«¥¤áâ¢¨ï (¨¬¯«¨ª æ¨¨); ­ ¯à¨¬¥à, § ¯¨áì A ⇒ B

®§­ ç ¥â, çâ® ¨§ ãâ¢¥à¦¤¥­¨ï A á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ B.
⇔ | §­ ª íª¢¨¢ «¥­â­®áâ¨ (à ¢­®á¨«ì­®áâ¨), ­ ¯à¨¬¥à, § ¯¨áì

A ⇔ B ®§­ ç ¥â, çâ® ãâ¢¥à¦¤¥­¨¥ A ¢¥à­® â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ¢¥à­® ãâ¢¥à¦¤¥­¨¥ B.

∀ | ª¢ ­â®à ¢á¥®¡é­®áâ¨; ®­ § ¬¥­ï¥â á«®¢  "¤«ï «î¡®£®", "¯à¨
«î¡ëå" ¨ â.¤.

∃ | ª¢ ­â®à áãé¥áâ¢®¢ ­¨ï; ®­ § ¬¥­ï¥â á«®¢® "áãé¥áâ¢ã¥â".
�­®£¤  ¬ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¯à¨­æ¨¯®¬ ¬ â¥¬ â¨ç¥áª®© ¨­-

¤ãªæ¨¨, ª®â®àë© § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬.
�ãáâì ¨¬¥¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì ãâ¢¥à¦¤¥­¨© T1, T2, T3, . . . ,

¯à® ª®â®àãî ¨§¢¥áâ­®, çâ®
1) T1 ¢¥à­® (¡ §  ¨­¤ãªæ¨¨);
2) ¨§ â®£®, çâ® Tn ¢¥à­®, ¢ëâ¥ª ¥â, çâ® Tn+1 ¢¥à­® (¤«ï n =

= 1, 2, 3, . . .) (¯¥à¥å®¤ ¨«¨ è £ ¨­¤ãªæ¨¨).
�®£¤  ¢áï ¯®á«¥¤®¢ â¥«ì­®áâì á®áâ®¨â ¨§ ¢¥à­ëå ãâ¢¥à¦¤¥­¨©.
�®§¬®¦­  ¢ à¨ æ¨ï ãá«®¢¨ï 2): ¨§ ¯à¥¤¯®«®¦¥­¨ï, çâ® ãâ¢¥à¦-

¤¥­¨ï T1, T2, . . . , Tn ¢¥à­ë, ¢ëâ¥ª ¥â, çâ® Tn+1 ¢¥à­® (¤«ï n =
= 1, 2, 3, . . .).

�­®¦¥áâ¢ 
�­®¦¥áâ¢® | íâ® á®¢®ªã¯­®áâì ­¥ª®â®àëå ®¡ê¥ªâ®¢, íâ¨ ®¡ê-

¥ªâë ­ §ë¢ îâáï í«¥¬¥­â ¬¨ ¤ ­­®£® ¬­®¦¥áâ¢ .
�à¨­ïâë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:
�ª«îç¥­¨¥ a ∈ A ®§­ ç ¥â, çâ® í«¥¬¥­â a ¯à¨­ ¤«¥¦¨â ¬­®-

¦¥áâ¢ã A; a /∈ A | í«¥¬¥­â a ­¥ ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã A.
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�­®¦¥áâ¢ , á®¤¥à¦ é¨¥ å®âï ¡ë ®¤¨­ í«¥¬¥­â, ­ §ë¢ îâáï ­¥-
¯ãáâë¬¨; ¯ãáâ®¥ ¬­®¦¥áâ¢® (â® ¥áâì ¬­®¦¥áâ¢®, ­¥ á®¤¥à¦ é¥¥ í«¥-
¬¥­â®¢) ®¡®§­ ç ¥âáï ∅.

�á«¨ ¢ ¬­®¦¥áâ¢¥ ¡¥áª®­¥ç­®¥ ç¨á«® í«¥¬¥­â®¢, â® ¬­®¦¥áâ¢®
­ §ë¢ ¥âáï ¡¥áª®­¥ç­ë¬, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ®­® ­ §ë¢ ¥âáï ª®­¥ç-
­ë¬. �®­¥ç­®¥ ¬­®¦¥áâ¢® ¬®¦¥â § ¤ ¢ âìáï ¯¥à¥ç¨á«¥­¨¥¬ á¢®¨å
í«¥¬¥­â®¢, áª ¦¥¬, A = {a1, a2, . . . , an}.

�à¨­ïâë ®¡®§­ ç¥­¨ï N, Z, Q, R á®®â¢¥âáâ¢¥­­® ¤«ï ¬­®¦¥áâ¢
­ âãà «ì­ëå, æ¥«ëå, à æ¨®­ «ì­ëå ¨ ¢¥é¥áâ¢¥­­ëå (¤¥©áâ¢¨â¥«ì-
­ëå) ç¨á¥«.

�®¢®àïâ, çâ® ¬­®¦¥áâ¢® B ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ ¬­®¦¥áâ¢ 
A (¨­®£¤  £®¢®àïâ, çâ® B ¢«®¦¥­® ¢ A), ¥á«¨ x ∈ B ⇒ x ∈ A.
�¡®§­ ç¥­¨¥: B ⊂ A ¨«¨ B ⊆ A. � ¬¥â¨¬, çâ® ∅ ⊆ A ¤«ï «î-
¡®£® ¬­®¦¥áâ¢  A. �­®¦¥áâ¢  A ¨ B ­ §ë¢ îâáï à ¢­ë¬¨, ¥á«¨
®¤­®¢à¥¬¥­­® B ⊆ A ¨ A ⊆ B. �®¤¬­®¦¥áâ¢® ¬®¦­® ¢ë¤¥«¨âì
­¥ª®â®àë¬ ãá«®¢¨¥¬. �«ï ¯®¤¬­®¦¥áâ¢  í«¥¬¥­â®¢ ¬­®¦¥áâ¢  A,
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î X , ¯à¨¬¥¬ ®¡®§­ ç¥­¨¥ {a ∈ A | X}. � -
¯à¨¬¥à, ¯®¤¬­®¦¥áâ¢® ç¥â­ëå (æ¥«ëå) ç¨á¥« ¬®¦­® § ¤ âì § ¯¨áìî
{n ∈ Z | ∃k ∈ Zn = 2k} ¨«¨ ¡®«¥¥ ª®à®âª® {2k | k ∈ Z}.

� ¤ ¬­®¦¥áâ¢ ¬¨ ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¥ ®¯¥à æ¨¨.
�¡ê¥¤¨­¥­¨¥ ¬­®¦¥áâ¢ A ¨ B | íâ® ¬­®¦¥áâ¢® í«¥¬¥­â®¢ x, ¤«ï

ª®â®àëå ¨¬¥¥â ¬¥áâ® å®âï ¡ë ®¤­® ¨§ ¤¢ãå ¢ª«îç¥­¨©: x ∈ A, x ∈
∈ B. �¡®§­ ç¥­¨¥: A

⋃
B. �®¦­® ®¯à¥¤¥«¨âì ®¡ê¥¤¨­¥­¨¥

⋃
i∈I

Ai

(i ¯à®¡¥£ ¥â ¬­®¦¥áâ¢® ¨­¤¥ªá®¢ I) ª ª ¬­®¦¥áâ¢® í«¥¬¥­â®¢, ¯à¨-
­ ¤«¥¦ é¨å å®âï ¡ë ®¤­®¬ã ¨§ ¬­®¦¥áâ¢ Ai, i ∈ I.

�¥à¥á¥ç¥­¨¥ ¬­®¦¥áâ¢ A ¨ B | íâ® ¬­®¦¥áâ¢® í«¥¬¥­â®¢ x, ¤«ï
ª®â®àëå ¨¬¥îâ ¬¥áâ® ®¡  ¢ª«îç¥­¨ï: x ∈ A, x ∈ B. �¡®§­ ç¥­¨¥:
A

⋂
B. �­ ç¥ £®¢®àï, A

⋂
B = {x ∈ A |x ∈ B} (¨«¨ A

⋂
B = {x ∈

∈ B |x ∈ A}. � á«ãç ¥ A
⋂

B = ∅ £®¢®àïâ, çâ® ¬­®¦¥áâ¢  A ¨ B
­¥¯¥à¥á¥ª îé¨¥áï. �®¦­® ®¯à¥¤¥«¨âì ¯¥à¥á¥ç¥­¨¥

⋂
i∈I

Ai ª ª ¬­®-
¦¥áâ¢® í«¥¬¥­â®¢, ¯à¨­ ¤«¥¦ é¨å ª ¦¤®¬ã ¨§ ¬­®¦¥áâ¢ Ai, i ∈ I.

� §­®áâìî ¬­®¦¥áâ¢ A ¨ B ­ §ë¢ ¥âáï ¬­®¦¥áâ¢® {x ∈ A |x /∈
/∈ B}. �¡®§­ ç¥­¨¥: A \B.

�¥ª àâ®¢ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¬­®¦¥áâ¢ A ¨ B ­ §ë¢ ¥âáï ¬­®-
¦¥áâ¢® ã¯®àï¤®ç¥­­ëå ¯ à {(a, b) | a ∈ A, b ∈ B}. �¡®§­ ç¥­¨¥:
A×B. �­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ A1×A2×
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×. . .×An ª ª ¬­®¦¥áâ¢® n-®ª {(a1, a2, . . . , an) | a1 ∈ A1, . . . , an ∈ An}.
�á«¨ A1 = A2 = . . . = An = A, â® ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ A1 ×A2 ×
× . . .×An ®¡®§­ ç ¥âáï â ª¦¥ An.

�­ ª áã¬¬¨à®¢ ­¨ï

�ã¬¬ã a1 + a2 + . . . + an ª®à®âª® ®¡®§­ ç îâ
n∑

i=1

ai. �ã¬¬ã ç¨á¥«
ai, £¤¥ i ¯à®¡¥£ ¥â ª®­¥ç­®¥ ¬­®¦¥áâ¢® ¨­¤¥ªá®¢ I, ®¡®§­ ç îâ

∑
i∈I

ai.
�â¬¥â¨¬ á«¥¤ãîé¨¥ á¢®©áâ¢  §­ ª  áã¬¬¨à®¢ ­¨ï.

(�¨­¥©­®áâì §­ ª  áã¬¬¨à®¢ ­¨ï) �«ï «î¡ëå ç¨á¥« a1, a2, . . .
. . . , an, b1, b2, . . . , bn ¢ë¯®«­¥­ë à ¢¥­áâ¢ :
1)

n∑
i=1

(ai + bi) =
n∑

i=1

ai +
n∑

i=1

bi; 2)
n∑

i=1

λai = λ
n∑

i=1

ai.

(�§¬¥­¥­¨¥ ¯®àï¤ª  ¯à¨ ¤¢®©­®¬ áã¬¬¨à®¢ ­¨¨) �«ï mn ¤¥©áâ-
¢¨â¥«ì­ëå ç¨á¥« a11, a12, . . . , a1n, a21, . . . , a2n, . . . , am1, . . . , amn ¢ë-
¯®«­¥­® à ¢¥­áâ¢®

m∑
i=1

n∑
j=1

aij =
n∑

j=1

m∑
i=1

aij.

B � ¯¨è¥¬ ç¨á«  ¢ â ¡«¨æã (¬ âà¨æã). �ëç¨á«¨¬ áã¬¬ã ¢á¥å
í«¥¬¥­â®¢ ¬ âà¨æë, ¯à®áã¬¬¨à®¢ ¢ í«¥¬¥­âë ¯® áâ®«¡æ ¬,   § â¥¬
¯® áâà®ª ¬. �à¨ íâ®¬ ¯®«ãç¨¬ «¥¢ãî ç áâì à ¢¥­áâ¢ . �à®áã¬¬¨-
à®¢ ¢ ¢­ ç «¥ ¯® áâà®ª ¬,   § â¥¬ ¯® áâ®«¡æ ¬, ¯®«ãç¨¬ ¯à ¢ãî
ç áâì à ¢¥­áâ¢ . ¤

�®­ïâ¨ï ®â®¡à ¦¥­¨ï ¨ ¯à¥®¡à §®¢ ­¨ï
�ãáâì X ¨ Y | ¯à®¨§¢®«ì­ë¥ ¬­®¦¥áâ¢ . �®¢®àïâ, çâ® § ¤ ­®

®â®¡à ¦¥­¨¥ f ¬­®¦¥áâ¢  X ¢ ¬­®¦¥áâ¢® Y (¨«¨ ®â®¡à ¦¥­¨¥ ¨§
X ¢ Y ), ¥á«¨ ª ¦¤®¬ã í«¥¬¥­âã x ∈ X ¯®áâ ¢«¥­ ¢ á®®â¢¥âáâ¢¨¥
¥¤¨­áâ¢¥­­ë© í«¥¬¥­â y ∈ Y . �¡®§­ ç¥­¨ï ¤«ï ®â®¡à ¦¥­¨ï:
f : X → Y ¨«¨ X

f→ Y .
�¡à §®¬ ¯®¤¬­®¦¥áâ¢  X ′ ⊂ X ¯à¨ ®â®¡à ¦¥­¨¨ f : X → Y

­ §ë¢ ¥âáï ¬­®¦¥áâ¢® {f(x) |x ∈ X ′}. �¡®§­ ç¥­¨¥: f(X ′). �¡à §
f(X) ¢á¥£® ¬­®¦¥áâ¢  X ¯à¨ ®â®¡à ¦¥­¨¨ f : X → Y ­ §ë¢ ¥âáï
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â ª¦¥ ®¡à §®¬ ®â®¡à ¦¥­¨ï f . �®¬¨¬® f(X) ¤«ï ®¡à §  ®â®¡à ¦¥-
­¨ï ¨á¯®«ì§ã¥âáï ®¡®§­ ç¥­¨¥ Im f .

�â®¡à ¦¥­¨¥ f : X → X ¬­®¦¥áâ¢  X ¢ á¥¡ï ­ §ë¢ ¥âáï â ª¦¥
¯à¥®¡à §®¢ ­¨¥¬ ¬­®¦¥áâ¢  X. �à¥®¡à §®¢ ­¨¥ f : X → X ­ §ë-
¢ ¥âáï â®¦¤¥áâ¢¥­­ë¬ ¯à¥®¡à §®¢ ­¨¥¬, ¥á«¨ ∀x ∈ X f(x) = x.
�¡®§­ ç¥­¨¥: IX .

�ãáâì ¤ ­ë ­¥ª®â®àë¥ ¬­®¦¥áâ¢  X, Y , Z ¨ ®â®¡à ¦¥­¨ï f :
X → Y , g : Y → Z. �â®¡à ¦¥­¨¥ h : X → Z, § ¤ ­­®¥ ∀x ∈ X
à ¢¥­áâ¢®¬ h(x) = g(f(x)), ­ §ë¢ ¥âáï ª®¬¯®§¨æ¨¥© ®â®¡à ¦¥­¨© g
¨ f ¨«¨ ¯à®¨§¢¥¤¥­¨¥¬ g ­  f . �®¬¯®§¨æ¨ï ®¡®§­ ç ¥âáï g ◦ f ¨«¨
gf .

�«ï ¯à®¨§¢¥¤¥­¨ï ®â®¡à ¦¥­¨© ¢ë¯®«­¥­® á«¥¤ãîé¥¥ á¢®©áâ¢®
 áá®æ¨ â¨¢­®áâ¨.

�ãáâì ¤ ­ë ­¥ª®â®àë¥ ¬­®¦¥áâ¢  X, Y , Z, T ¨ ®â®¡à ¦¥­¨ï
f : X → Y , g : Y → Z, h : Z → T . �®£¤  h(gf) = (hg)f .

B �®«ì§ãïáì ¬­®£®ªà â­® ®¯à¥¤¥«¥­¨¥¬ ª®¬¯®§¨æ¨¨ ®â®¡à ¦¥-
­¨©, ∀x ∈ X ¨¬¥¥¬: (h(gf))(x) = h((gf)(x)) = h(g(f(x))). � ¤àã£®©
áâ®à®­ë, ((hg)f)(x) = (hg)(f(x)) = h(g(f(x))). ¤

�âáî¤  ¬®¦­® ¯®«ãç¨âì á«¥¤ãîé¥¥ ®¡®¡é¥­¨¥:
�ãáâì ¤ ­ë ¬­®¦¥áâ¢  X1, X2, . . . , Xn+1 ¨ ®â®¡à ¦¥­¨ï

fi : Xi → Xi+1, i = 1, 2, . . . , n. �®£¤  ¯à®¨§¢¥¤¥­¨¥ fnfn−1 . . . f1

®¯à¥¤¥«¥­® ¨ ­¥ § ¢¨á¨â ®â ¯®àï¤ª  ¢ë¯®«­¥­¨ï ª®¬¯®§¨æ¨© (­¥
§ ¢¨á¨â ®â à ááâ ­®¢ª¨ áª®¡®ª).

B �á¯®«ì§ã¥¬ ¨­¤ãªæ¨î ¯® n. � § : n = 3 (á¬. ¯à¥-
¤ë¤ãé¥¥ ãâ¢¥à¦¤¥­¨¥). �ãáâì ãâ¢¥à¦¤¥­¨¥ ¢¥à­® ¤«ï ª®¬-
¯®§¨æ¨¨ 3, 4, . . . , n − 1 ®â®¡à ¦¥­¨©. �ãáâì ¢ ¯à®¨§¢¥¤¥-
­¨¨ fnfn−1 . . . f1 �ª®¡ª¨ à ááâ ¢«¥­ë ¤¢ã¬ á¯®á®¡ ¬¨: g =
= (fnfn−1 . . . fk+1)(fkfk−1 . . . f1) ¨ h = (fnfn−1 . . . fl+1)(flfl−1 . . . f1)
(¢ ª ¦¤®¬ ¨§ á¯®á®¡®¢ ¬ë ®â¬¥â¨«¨ ¯®á«¥¤­îî ®¯¥à æ¨î ª®¬¯®§¨-
æ¨¨, ¢ ®áâ «ì­®¬ ®¯¥à æ¨¨ ¢ë¯®«­ïîâáï ¢ ¯à®¨§¢®«ì­®¬ ¯®àï¤ª¥).

� ª ª ª k < n, â® ¢ á¨«ã ¯à¥¤¯®«®¦¥­¨ï ¨­¤ãªæ¨¨ ®â®¡à ¦¥-
­¨¥ (fkfk−1 . . . f1) : X1 → Xk+1 ­¥ § ¢¨á¨â ®â ¯®àï¤ª  ¢ë¯®«­¥-
­¨ï ª®¬¯®§¨æ¨¨ (â® ¥áâì áª®¡ª¨ ¢ íâ®¬ ¢ëà ¦¥­¨¨ ¬®¦­® à ááâ ¢-
«ïâì ª ª ã£®¤­®, ®­® ®â íâ®£® ­¥ ¨§¬¥­¨âáï). � ª®¥ ¦¥ § ¬¥ç ­¨¥
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á¯à ¢¥¤«¨¢® ¨ ¤«ï ®â®¡à ¦¥­¨© (fnfn−1 . . . fk+1) : Xk+1 → Xn+1,
(flfl−1 . . . f1) : X1 → Xl+1, (fnfn−1 . . . fl+1) : Xl+1 → Xn+1.

� ª¨¬ ®¡à §®¬, ¥á«¨ k = l, â® áà §ã ¯®«ãç ¥¬ g = h.
�ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ k < l.
�®£¤  g = ((fnfn−1 . . . fl+1)(flfl−1 . . . fk+1))(fkfk−1 . . . f1),

h = (fnfn−1 . . . fl+1)((flfl−1 . . . fk+1)(fkfk−1 . . . f1)). �§ ¯à¥¤ë¤ã-
é¥£® ãâ¢¥à¦¤¥­¨ï, ¯à¨¬¥­¥­­®£® ª âà¥¬ ®â®¡à ¦¥­¨ï¬ (fkfl−1 . . .
. . . f1) : X1 → Xk+1, (flfl−1 . . . fk+1) : Xk+1 → Xl+1, (fnfn−1 . . .
. . . fl+1) : Xl+1 → Xn+1, ¯®«ãç ¥¬, çâ® g = h. ¤

�®ª § ­­®¥ á¢®©áâ¢® ¯à®¨§¢¥¤¥­¨ï ®â®¡à ¦¥­¨© ¯®§¢®«ï¥â ¤«ï
«î¡®£® n ∈ N ª®àà¥ªâ­® ®¯à¥¤¥«¨âì n-î áâ¥¯¥­ì ¯à¥®¡à §®¢ ­¨ï
f : X → X ª ª fn = ff . . . f︸ ︷︷ ︸

n ¡ãª¢ f

. �§ ¯à¥¤ë¤ãé¥£® ïá­®, çâ® ∀m,n ∈ N

¢¥à­ë à ¢¥­áâ¢  fm+n = fmfn ¨ fmn = (fm)n. �«ï ¯à®¨§¢¥¤¥­¨ï
®â®¡à ¦¥­¨© à®«ì "¥¤¨­¨æë" ¨£à ¥â â®¦¤¥áâ¢¥­­®¥ ¯à¥®¡à §®¢ ­¨¥.

�â®¡à ¦¥­¨¥ g : Y → X ­ §ë¢ ¥âáï «¥¢ë¬ (¯à ¢ë¬) ®¡à â­ë¬
¤«ï ®â®¡à ¦¥­¨ï f : X → Y , ¥á«¨ gf = IX (fg = IY ). �¥ ¤«ï ¢áïª®£®
®â®¡à ¦¥­¨ï f : X → Y ­ ©¤¥âáï «¥¢®¥ ®¡à â­®¥ ®â®¡à ¦¥­¨¥. �á«¨
®­® ­ ©¤¥âáï, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® f ®¡à â¨¬® á«¥¢ . �­ «®£¨ç­®
®¯à¥¤¥«ïîâáï ®â®¡à ¦¥­¨ï, ®¡à â¨¬ë¥ á¯à ¢ . �â®¡à ¦¥­¨ï, ï¢«ï-
îé¨¥áï ®¤­®¢à¥¬¥­­® ®¡à â¨¬ë¬¨ á¯à ¢  ¨ á«¥¢ , ¡ã¤¥¬ ­ §ë¢ âì
®¡à â¨¬ë¬¨.

�«ï ®¡à â¨¬®£® ®â®¡à ¦¥­¨ï f : X → Y áãé¥áâ¢ã¥â ¥¤¨­áâ-
¢¥­­®¥ «¥¢®¥ ®¡à â­®¥ ®â®¡à ¦¥­¨¥ ¨ ¥¤¨­áâ¢¥­­®¥ ¯à ¢®¥ ®¡à â-
­®¥ ®â®¡à ¦¥­¨¥, ¯à¨ç¥¬ ®­¨ à ¢­ë.

B �ãáâì g : Y → X | ­¥ª®â®à®¥ «¥¢®¥ ®¡à â­®¥ ®â®¡à ¦¥­¨¥
¤«ï f , h : Y → X | ­¥ª®â®à®¥ ¯à ¢®¥ ®¡à â­®¥ ®â®¡à ¦¥­¨¥ ¤«ï
f . �®£¤  g = gIY = g(fh), çâ® à ¢­® (gf)h = IXh = h. �â ª,
ª ¦¤®¥ «¥¢®¥ ®¡à â­®¥ ®â®¡à ¦¥­¨¥ g á®¢¯ ¤ ¥â á h, ¨ §­ ç¨â ®­®
¥¤¨­áâ¢¥­­®. �­ «®£¨ç­®, ª ¦¤®¥ ¯à ¢®¥ ®¡à â­®¥ ®â®¡à ¦¥­¨¥ h
á®¢¯ ¤ ¥â á g, ¨, §­ ç¨â, ®­® ¥¤¨­áâ¢¥­­®. ¤

�«ï ®¡à â¨¬®£® ®â®¡à ¦¥­¨ï f : X → Y ¥£® ¥¤¨­áâ¢¥­­®¥ «¥¢®¥
(®­® ¦¥ ¨ ¥¤¨­áâ¢¥­­®¥ ¯à ¢®¥) ®¡à â­®¥ ®â®¡à ¦¥­¨¥ ¡ã¤¥¬ ­ §ë-
¢ âì ®¡à â­ë¬ ®â®¡à ¦¥­¨¥¬ ¨ ®¡®§­ ç âì f−1.
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�ãáâì ¤ ­ë ­¥ª®â®àë¥ ¬­®¦¥áâ¢  X, Y , Z ¨ ®¡à â¨¬ë¥ ®â®-
¡à ¦¥­¨ï f : X → Y ¨ g : Y → Z. �®£¤ 

1) f−1 ®¡à â¨¬®, ¯à¨ç¥¬ (f−1)−1 = f ;
2) gf ®¡à â¨¬®, ¯à¨ç¥¬ (gf)−1 = f−1g−1.
B 1) � ¢¥­áâ¢  ff−1 = IY , f−1f = IX ®§­ ç îâ, çâ® f | ®¡à â-

­®¥ ®â®¡à ¦¥­¨¥ ¤«ï f−1.
2) �ã¦­®¥ ãâ¢¥à¦¤¥­¨¥ ¢ëâ¥ª ¥â ¨§ à ¢¥­áâ¢
(f−1g−1)(gf) = f−1(g−1g)f = f−1IY f = f−1f = IX ,
(gf)(f−1g−1) = g(ff−1)g−1 = gIY g−1 = gg−1 = IZ . ¤
�«¥¤áâ¢¨¥:
�ãáâì ¤ ­ë ¬­®¦¥áâ¢  X1, X2, . . . , Xn+1 ¨ ®¡à â¨¬ë¥ ®â®-

¡à ¦¥­¨ï fi : Xi → Xi+1, i = 1, 2, . . . , n. �®£¤  ¯à®¨§¢¥¤¥­¨¥
fnfn−1 . . . f1 ®¡à â¨¬®, ¯à¨ç¥¬ (fnfn−1 . . . f1)−1 = f−1

1 f−1
2 . . . f−1

n .
�á«¨ f : X → X | ®¡à â¨¬®¥ ¯à¥®¡à §®¢ ­¨¥, â® ¬®¦­® ®¯à¥-

¤¥«¨âì n-î áâ¥¯¥­ì ¨ ¤«ï ­¥¯®«®¦¨â¥«ì­ëå æ¥«ëå n: ¯®«®¦¨¬
f0 = IX , f−m = (f−1)m, ¥á«¨ m ∈ N. �¥âàã¤­® ¯à®¢¥à¨âì, çâ®
¤«ï ¢á¥å m, n ∈ Z ¢¥à­ë à ¢¥­áâ¢  fm+n = fmfn ¨ fmn = (fm)n.

�â®¡à ¦¥­¨¥ f : X → Y ­ §ë¢ ¥âáï
1) ¨­ê¥ªâ¨¢­ë¬ (¨«¨ ¨­ê¥ªæ¨¥©), ¥á«¨ ¨§ à ¢¥­áâ¢  f(x) = f(x′)

¢ëâ¥ª ¥â, çâ® x = x′;
2) áîàê¥ªâ¨¢­ë¬ (¨«¨ áîàê¥ªæ¨¥©), ¥á«¨ f(X) = Y ;
3) ¡¨¥ªâ¨¢­ë¬ (¨«¨ ¡¨¥ªæ¨¥©, ¨«¨ ¢§ ¨¬­®-®¤­®§­ ç­ë¬ á®®â-

¢¥âáâ¢¨¥¬), ¥á«¨ ®­® ®¤­®¢à¥¬¥­­® ï¢«ï¥âáï ¨ áîàê¥ªæ¨¥©, ¨ ¨­ê-
¥ªæ¨¥©.

�¥âàã¤­® ãáâ ­®¢¨âì, çâ®
1) f : X → Y ¨­ê¥ªâ¨¢­® ⇔ f ®¡à â¨¬® á«¥¢ ;
2) f : X → Y áîàê¥ªâ¨¢­® ⇔ f ®¡à â¨¬® á¯à ¢ ;
3) f : X → Y ¡¨¥ªâ¨¢­® ⇔ f ®¡à â¨¬®.
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�â¢¥âë, ãª § ­¨ï ¨ à¥è¥­¨ï

§ 1

1. �â¢¥â:
(−5 4 3

11 −23 20

)
.

2. � ¯à¨¬¥à, A1 =
(

1 0
0 0

)
, A2 =

(
0 1
0 0

)
, A3 =

(
0 0
1 0

)
,

A4 =
(

0 0
0 1

)
.48 �®£¤  ¯à®¨§¢®«ì­ ï ¬ âà¨æ 

(
λ1 λ2

λ3 λ4

)
à ¢­ 

4∑
i=1

λiAi.

3. �¥âàã¤­® ¢¨¤¥âì,49 çâ® áâà®ª  (x1, x2, x3, x4) á ãá«®¢¨¥¬ x1 +
+ x2 + x3 + x4 = 0 à ¢­  x2(−1, 1, 0, 0) + x3(−1, 0, 1, 0) +
+ x4(−1, 0, 0, 1).

4. �¨­¥©­ ï ª®¬¡¨­ æ¨ï «¨­¥©­ëå ª®¬¡¨­ æ¨© áâ®«¡æ®¢ ¨§ A
à ¢­  «¨­¥©­®© ª®¬¡¨­ æ¨¨ áâ®«¡æ®¢ ¨§ A.50

5. �®¦­® ¨á¯®«ì§®¢ âì à §«®¦¥­¨¥ A =
A + AT

2
+

A−AT

2
.51

§ 2

48�â® áâ ­¤ àâ­ë© ¡ §¨á ¢ M2×2.
49�®®¡é¥, íâ  § ¤ ç  | ç áâ­ë© á«ãç © § ¤ ç¨ à¥è¥­¨ï ®¤­®à®¤­®© á¨áâ¥¬ë

«¨­¥©­ëå ãà ¢­¥­¨© | á¬. § 5.
50�¥à¥ä®à¬ã«¨à®¢ª  íâ®© § ¤ ç¨: «¨­¥©­ ï ®¡®«®çª  ¢á¥£¤  ï¢«ï¥âáï ¢¥ªâ®à-

­ë¬ ¯à®áâà ­áâ¢®¬.
51�¥à¥ä®à¬ã«¨à®¢ª  íâ®© § ¤ ç¨: ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® Mn×n à áª« ¤ë-

¢ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ¯®¤¯à®áâà ­áâ¢ M+
n×n ¨ M−

n×n á¨¬¬¥âà¨ç¥áª¨å ¨ ª®á®-
á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ.
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1. �ãáâì A1, A2, . . . , Ak | «¨­¥©­® § ¢¨á¨¬ ï á¨áâ¥¬ . �®£¤ 
¯à¨¡ ¢¨¢ ª à §«®¦¥­¨î B ¯® ¢¥ªâ®à ¬ A1, A2, . . . , Ak ­¥âà¨-
¢¨ «ì­ãî «¨­¥©­ãî ª®¬¡¨­ æ¨î, à ¢­ãî O, ¯®«ãç¨¬ ¤àã£®¥
à §«®¦¥­¨¥ B.

2. �â¢¥â: ­¥â. �®áâ â®ç­® ¯à¨¬¥­¨âì â¥®à¥¬ã ®¡ ®æ¥­ª¥ à ­£ 
áã¬¬ë ¤«ï ¬ âà¨æ C = A + B ¨ D = −B.

3. � ©¤ãâáï r ä¨ªá¨à®¢ ­­ëå áâ®«¡æ®¢ a1, . . . , ar, ¯® ª®â®àë¬
à áª« ¤ë¢ îâáï ¢á¥ áâ®«¡æë ¤ ­­®© ¬ âà¨æë A. �®«ì§ãïáì
íâ¨¬¨ à §«®¦¥­¨ï¬¨, ¬®¦­® ¯®«ãç¨âì à §«®¦¥­¨¥ A =

r∑
i=1

Ai,
£¤¥ ¢á¥ áâ®«¡æë ¬ âà¨æë Ai ¯à®¯®àæ¨®­ «ì­ë ai.

4. �â¢¥â: rg M+
n×n =

n(n + 1)
2

, rg M−
n×n =

n(n− 1)
2

.

�®áâ â®ç­® ãª § âì ¡ §¨á­ë¥ ¯®¤á¨áâ¥¬ë ¢ M+
n×n ¨ M−

n×n.
�ãáâì E(k, l) | ¬ âà¨æ , ¢ ª®â®à®© í«¥¬¥­â ­  ¯¥à¥á¥ç¥­¨¨
k-© áâà®ª¨ ¨ l-£® áâ®«¡æ  à ¢¥­ 1,   ®áâ «ì­ë¥ à ¢­ë 0. �®£¤ 
¬ âà¨æë E(i, j) + E(j, i), 1 6 i 6 j 6 n, ®¡à §ãîâ ¡ §¨á­ãî
¯®¤á¨áâ¥¬ã ¢ M+

n×n,   ¬ âà¨æë E(i, j) − E(j, i), 1 6 i < j 6 n,
®¡à §ãîâ ¡ §¨á­ãî ¯®¤á¨áâ¥¬ã ¢ M−

n×n. �®¦­® à¥è¨âì § -
¤ çã ¨ ¢ ¤ãå¥ § 5, § ¤ ¢ ï M+

n×n ¨ M−
n×n á¨áâ¥¬ ¬¨ «¨­¥©­ëå

ãà ¢­¥­¨©.

§ 3

1. �â¢¥â:
(−13 4

4 −10

)
.

2. �®á¯®«ì§ã©â¥áì à ¢¥­áâ¢®¬ (SAS−1)n = SAnS−1.

3. �«ï ¬ âà¨æ A = (aij) ¨ B = (bji) ª ¦¤®¥ ¨§ ¢ëà ¦¥­¨© tr(AB)

tr(BA) à ¢­® ¤¢®©­®© áã¬¬¥
m∑

i=1

n∑
j=1

aijbji.

4. �®á¯®«ì§ã©â¥áì à ¢¥­áâ¢®¬ (AB)T = BT AT .
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5.  ) � ª ç¥áâ¢¥ ¬ âà¨æë X ¢®§ì¬¨â¥ ¬ âà¨æë ¢¨¤  E(i, j) (­ 
¯¥à¥á¥ç¥­¨¨ i-© áâà®ª¨ ¨ j-£® áâ®«¡æ  ¥¤¨­¨æ ,   ®áâ «ì­ë¥
í«¥¬¥­âë à ¢­ë 0).
¡) �á¯®«ì§ã©â¥ â®, çâ® ¯à¨ ã¬­®¦¥­¨¨ ­  diag(λ1, . . . , λn) á«¥¢ 
i-ï áâà®ª  ã¬­®¦ ¥âáï ­  λi,   ¯à¨ ã¬­®¦¥­¨¨ á¯à ¢  | j-©
áâ®«¡¥æ ã¬­®¦ ¥âáï ­  λj .

6. �á¯®«ì§ã©â¥ áãé¥áâ¢®¢ ­¨¥ ¬­®£®ç«¥­ , ª®â®àë© ¯à¨­¨¬ ¥â
§ ¤ ­­ë¥ §­ ç¥­¨ï ¢ ¤ ­­ëå n â®çª å.

7.  ) ¨ ¡) á«¥¤ãîâ ¨§ ¯à ¢¨«  ã¬­®¦¥­¨ï ¬ âà¨æ.

¢) �â¢¥â:




1 10 45 120
0 1 10 45
0 0 1 10
0 0 0 1


.

�®¦­® ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© ¡¨­®¬  �ìîâ®­  (®­  ¯à¨-
¬¥­¨¬ , ¯®áª®«ìªã ¬ âà¨æë A ¨ E ¯¥à¥áâ ­®¢®ç­ë) ¨ à ¢¥­áâ-
¢®¬ A4 = O.

8. �à®¢¥àìâ¥, çâ® ®¡à â­®© ¬ âà¨æ¥© ï¢«ï¥âáï ¬ âà¨æ 
m−1∑
k=0

Ak.52

9. � ¢¥­áâ¢® BA = En ¯à®â¨¢®à¥ç¨â ¯à¥¤«®¦¥­¨î 3.3 ®¡ ®æ¥­ª¥
à ­£  ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ.

§ 4

1.




:
a
:
b
:




III→




:
a + b

:
b
:




III→




:
a + b

:
−a
:




III→




:
b
:
−a
:




II→




:
b
:
a
:




.

52�®®¡é¥, ¥á«¨ ª¢ ¤à â­ ï ¬ âà¨æ  A â ª®¢ , çâ® àï¤ ¨§ ¬ âà¨æ
∞∑

k=0
Ak, áå®-

¤¨âáï, áã¬¬  íâ®£® àï¤  ï¢«ï¥âáï ®¡à â­®© ¬ âà¨æ¥© ¤«ï ¬ âà¨æë E−A. �¤¥áì
¬®¦­® ¯à®¢¥áâ¨ ¯ à ««¥«ì á à §«®¦¥­¨¥¬ ¯® �¥©«®àã äã­ªæ¨¨ (1− x)−1.
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2. �ë¯®«­¨¬ æ¥¯®çªã í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© áâà®ª, ¯à¨-
¢®¤ïéãî ª áâã¯¥­ç â®¬ã ¢¨¤ã, ­ ¯à¨¬¥à:( 0 0 2 1 −1 2

0 0 −4 −2 2 −4
3 −6 5 1 2 5
−1 2 5 3 −7 2

)
T̃21(2)→ T̃34(3)→

(
0 0 2 1 −1 2
0 0 0 0 0 0
0 0 20 10 −19 11
−1 2 5 3 −7 2

)
P̃12→ P̃14→ D̃1(−1)→

(
1 −2 −5 −3 7 −2
0 0 2 1 −1 2
0 0 20 10 −19 11
0 0 0 0 0 0

)
T̃32(−10)→

(
1 −2 −5 −3 7 −2
0 0 2 1 −1 2
0 0 0 0 −9 −9
0 0 0 0 0 0

)
.

�¥¯¥àì ïá­®, çâ® rg A = 3, ¨ ¢ á¨áâ¥¬¥ áâ®«¡æ®¢ ¬ âà¨æë A
®¤­  ¨§ ¡ §¨á­ëå ¯®¤á¨áâ¥¬ | áâ®«¡æë á ­®¬¥à ¬¨ 1, 3, 5.
�® â¥®à¥¬¥ ® ¡ §¨á­®¬ ¬¨­®à¥, ¬®¦­® ®âëáª âì ­¥¢ëà®¦¤¥­-
­ãî ¯®¤¬ âà¨æã ¯®àï¤ª  3 ¤ ¦¥ ¢ ¬ âà¨æ¥ B =

(
0 2 −1
0 −4 2
3 5 2
−1 5 −7

)
,

®¡à §®¢ ­­®© 1-¬, 3-¬ ¨ 5-¬ áâ®«¡æ ¬¨ ¬ âà¨æë A. �áâ ¥âáï
­ ©â¨ ­¥ª®â®àãî ¡ §¨á­ãî ¯®¤á¨áâ¥¬ã áâà®ª ¬ âà¨æë B. �«ï
ã¤®¡áâ¢ , ¬®¦­® ¯à¨¢¥áâ¨ ª áâã¯¥­ç â®¬ã ¢¨¤ã ¬ âà¨æã BT

í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ áâà®ª:(
0 0 3 −1
2 −4 5 5
−1 2 2 −7

)
T̃23(2)→ P̃13→

(−1 2 2 −7
0 0 9 −9
0 0 3 −1

)
D̃(1/9)→ T̃32(−3)→

(−1 2 2 −7
0 0 1 −1
0 0 0 2

)
.

� á¨áâ¥¬¥ áâ®«¡æ®¢ ¬ âà¨æë BT ®¤­  ¨§ ¡ §¨á­ëå ¯®¤á¨áâ¥¬
| áâ®«¡æë á ­®¬¥à ¬¨ 1, 3, 4. �­ ç¨â, ¢ ¬ âà¨æ¥ B,   á«¥¤®-
¢ â¥«ì­® ¨ ¢ ¬ âà¨æ¥ A, ®¤­  ¨§ ¡ §¨á­ëå ¯®¤á¨áâ¥¬ áâà®ª |
áâà®ª¨ á ­®¬¥à ¬¨ 1, 3, 4.
� ª¨¬ ®¡à §®¬, ¬®¦¥¬ ¢ë¤¥«¨âì ®¤­ã ¨§ ¢®§¬®¦­ëå
­¥¢ëà®¦¤¥­­ëå ¯®¤¬ âà¨æ ¯®àï¤ª  3 ¢ ¬ âà¨æ¥ A:


0 0 2 1 −1 2
0 0 −4 −2 2 −4
3 −6 5 1 2 5
−1 2 5 3 −7 2


.

3. �á¯®«ì§ã©â¥  «£®à¨â¬ ®âëáª ­¨ï ®¡à â­®© ¬ âà¨æë.

4.  ) �â¢¥â: rg A + rg B.
�á¯®«ì§ãï "¡«®ç­ë¥" í«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï áâà®ª
(®¤­® ¡«®ç­®¥ í«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥ áâà®ª à ¢­®á¨«ì­®
m ®¡ëç­ë¬), ¯à¨¢¥¤¨â¥ ¬ âà¨æã ª ¢¨¤ã

(
A C
O B

)
.

¡) �®£« á­® ¯à¥¤«®¦¥­¨î 3.2, í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨-
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ï¬¨ áâà®ª ¤ ­­ ï ¬ âà¨æ  ¯à¨¢®¤¨âáï ª ¢¨¤ã
(

A E
O O

)
.

5. �«ï ¤®ª § â¥«ìáâ¢  à ¢¥­áâ¢  rg(AB) = rg B ¤®áâ â®ç­® ¤®ª -
§ âì ­¥à ¢¥­áâ¢® rg AB > rg B (®¡à â­®¥ ­¥à ¢¥­áâ¢® ¢ë¯®«-
­¥­® ¢á¥£¤ ). �®¦­® ¢ë¤¥«¨âì ¢ ¬ âà¨æ¥ A "¡ §¨á­ë© ¬¨­®à"
K ¯®àï¤ª  m, â®£¤  ¢ ¬ âà¨æ¥ AB ¥áâì ¯®¤¬ âà¨æ  KB à ­£ 
rg B, á«¥¤®¢ â¥«ì­® rg AB > rg B.

6. � ª ç¥áâ¢¥ áâ®«¡æ®¢ ¬ âà¨æë B ¬®¦­® ¢§ïâì ¡ §¨á­ãî ¯®¤-
á¨áâ¥¬ã áâ®«¡æ®¢ ¬ âà¨æë A, ¨ ¯®¤®¡à âì á®®â¢¥âáâ¢ãîéãî
¬ âà¨æã C.

7.  ) �®¦­® ¨á¯®«ì§®¢ âì á®®¡à ¦¥­¨¥ ¨§ ­ ç «  ¯ã­ªâ  "�«¥-
¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨ à ­£": à ¢¥­áâ¢® ­ã«î «¨­¥©­®©
ª®¬¡¨­ æ¨¨ áâ®«¡æ®¢ á ä¨ªá¨à®¢ ­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ á®-
åà ­ï¥âáï ¢ ¯à®æ¥áá¥ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© áâà®ª.
¡) �á¯®«ì§ã©â¥ ¯ã­ªâ  ), ¯à¥¤«®¦¥­¨¥ 4.2 ¨ â®â ä ªâ, çâ® ®¡-
à â¨¬ ï ¬ âà¨æ  ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ­¥áª®«ì-
ª¨å í«¥¬¥­â à­ëå ¬ âà¨æ.

§ 5

1. � ¯¨è¥¬ à áè¨à¥­­ãî ¬ âà¨æã á¨áâ¥¬ë(
0 0 2 1 −1 | 2
0 0 −4 −2 2 | −4
3 −6 5 1 2 | 5
−1 2 5 3 −7 | 2

)
. �ë¯®«­¨¢ ¯àï¬®© å®¤ ¬¥â®¤  � ãáá ,

¯®«ãç¨¬ (á¬. à¥è¥­¨¥ § ¤ ç¨ 1 ¨§ § 4)
(

1 −2 −5 −3 7 | −2

0 0 1 1
2 − 1

2 | 1

0 0 0 0 1 | 1

)
.

� «¥¥, ¢ë¯®«­ï¥¬ ®¡à â­ë© å®¤ ¬¥â®¤  � ãáá :(
1 −2 −5 −3 7 | −2

0 0 1 1
2 − 1

2 | 1

0 0 0 0 1 | 1

)
T̃23(− 1

2 )→ T̃13(−7)→
(

1 −2 −5 −3 0 | −9

0 0 1 1
2 0 | 3

2
0 0 0 0 1 | 1

)
T̃12(5)→

(
1 −2 0 − 1

2 0 | − 3
2

0 0 1 1
2 0 | 3/2

0 0 0 0 1 | 1

)
.

�¢¥¤¥¬ ­®¢ë© ¯®àï¤®ª ­¥¨§¢¥áâ­ëå: x1, x3, x5, x2, x4. � ­®-

¢®¬ ¯®àï¤ª¥ ¬ âà¨æ  á¨áâ¥¬ë ¨¬¥¥â ¢¨¤:
(

1 0 0 −2 − 1
2 | − 3

2
0 1 0 0 1

2 | 3
2

0 0 1 0 0 | 1

)
, ¨



66

á¨áâ¥¬  ¨¬¥¥â à¥è¥­¨¥:
(

x1
x3
x5
x2
x4

)
=



− 3

2
3
2
1
0
0


 +




2 1
2

0 − 1
2

0 0
1 0
0 1


 (

λ1
λ2

)
.

�®§¢à é ïáì ª ¨§­ ç «ì­®¬ã ¯®àï¤ªã ­¥¨§¢¥áâ­ëå, ¯®«ãç ¥¬

®â¢¥â:




x1

x2

x3

x4

x5




=




− 3
2

0
3
2
0
1




+




2 1
2

1 0
0 − 1

2
0 1
0 0




(
λ1

λ2

)
.

2. � ¯¨è¥¬ ¤ ­­ë¥ áâ®«¡æë ¢ ¬ âà¨æã Φ ¨ ­ ©¤¥¬ äã­¤ ¬¥­-
â «ì­ãî ¬ âà¨æã Ψ á¨áâ¥¬ã (ΦT |O): ΦT =

(
0 −3 2 1
2 1 0 −1
4 −1 2 −1

)
P̃12→

T̃31(2)→
(

2 1 0 −1
0 −3 2 1
0 −3 2 1

)
T̃32(−1)→ D̃2(− 1

3 )→ T̃12(−1)→ D̃1(
1
2 )→

(
1 0 1

3 − 1
3

0 1 − 2
3 − 1

3
0 0 0 0

)
. �â-

áî¤  Ψ =

(− 1
3

1
3

2
3

1
3

1 0
0 1

)
, ¨ á¨áâ¥¬  (ΨT |O) =

(− 1
3

2
3 1 0 | 0

1
3

1
3 0 1 | 0

)
¨«¨

(−1 2 3 0 | 0
1 1 0 3 | 0

)
¨¬¥¥â § ¤ ­­®¥ à¥è¥­¨¥.

3. �®¬­®¦ ï à ¢¥­áâ¢® AXB = C ­  A−1 á«¥¢  ¨ ­  B−1 á¯à ¢ ,
­ å®¤¨¬ X = A−1CB−1. �¥£ª® ¯à®¢¥à¨âì, çâ® ­ ©¤¥­­ ï ¬ â-
à¨æ  ã¤®¢«¥â¢®àï¥â ¤ ­­®¬ã ãà ¢­¥­¨î.

4. �ª § ­¨¥: áâ®«¡æë «î¡®© äã­¤ ¬¥­â «ì­®© ¬ âà¨æë Φ′ | «¨-
­¥©­ë¥ ª®¬¡¨­ æ¨¨ áâ®«¡æ®¢ Φ.53

5. �á«¨ ª ¦¤®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (A′ | b′) ï¢«ï¥âáï «¨­¥©­®©
ª®¬¡¨­ æ¨¥© ãà ¢­¥­¨© á¨áâ¥¬ë (A | b), â® ¨§ AX = b á«¥¤ã¥â
A′X = b′. �­ «®£¨ç­®, ¨§ A′X = b′ á«¥¤ã¥â AX = b. � ª¨¬
®¡à §®¬, á¨áâ¥¬ë à ¢­®á¨«ì­ë. � ®¡®à®â, ¯ãáâì ¤¢¥ á¨áâ¥¬ë
(A | b) ¨ (A′ | b′) ¨¬¥îâ ®¤­® ¨ â® ¦¥ ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® à¥-
è¥­¨© X0 + Sol(A |O). �®£¤  ¯à¨ ¤®¡ ¢«¥­¨¨ ª áâà®ª ¬ ¬ â-
à¨æë (A | b) áâà®ª ¬ âà¨æë (A′ | b′) à ­£ ­¥ ¨§¬¥­¨âáï (®­ à ¢¥­
n− rg(Sol(A |O)). � «¥¥ ¬®¦­® ¢®á¯®«ì§®¢ âìáï ®á­®¢­®© â¥®-
à¥¬®© ® à ­£ å.

53� âà¨æã S ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ¬ âà¨æã ¯¥à¥å®¤  ®â ¡ §¨á  ª ¡ -
§¨áã ¢ ¢¥ªâ®à­®¬ ¯à®áâà ­áâ¢¥ Sol(A |O).
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6. �¤­® ¨§ ¢®§¬®¦­ëå à¥è¥­¨© ®á­®¢ ­® ­  á«¥¤ãîé¥¬ á®®¡à -
¦¥­¨¨: ãá«®¢¨¥ «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ á¨áâ¥¬ë áâà®ª ¬ â-
à¨æë Φ á ­®¬¥à ¬¨ j1, j2, . . . , js ®§­ ç ¥â, çâ® ­¥¨§¢¥áâ­ë¥ xj1 ,
. . . , xjs ¬®£ãâ (­¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£ ) ¯à¨­¨¬ âì «î¡ë¥
§­ ç¥­¨ï, â® ¥áâì ¨å ¬®¦­® ¢§ïâì §  á¢®¡®¤­ë¥ ­¥¨§¢¥áâ­ë¥.

§ 6

1.  ) �â¢¥â: (−1)n−1(2n− 1).
�à¨¡ ¢¨¬ ª ¯¥à¢®© áâà®ª¥ ¢á¥ ®áâ «ì­ë¥, ¯®«ãç¨¬

(2n− 1)

∣∣∣∣∣∣

1 1 1 ... 1
2 1 2 ... 2
2 2 1 ... 2

... ... ...
2 2 ... 1 2
2 2 ... 2 1

∣∣∣∣∣∣
. � ¯®á«¥¤­¥¬ ®¯à¥¤¥«¨â¥«¥ â¥¯¥àì ¨§ ª ¦-

¤®© áâà®ª¨ (ªà®¬¥ ¯¥à¢®©) ¢ëçâ¥¬ ã¤¢®¥­­ãî ¯¥à¢ãî. �®«ã-
ç¨¬ ¢¥àå­¥âà¥ã£®«ì­ãî ¬ âà¨æã á ç¨á« ¬¨ 1,−1,−1, . . . ,−1 ¯®
¤¨ £®­ «¨.
¡) �â¢¥â: n + 1.
�¡®§­ ç ï ¤ ­­ë© ®¯à¥¤¥«¨â¥«ì ç¥à¥§ Kn, ¨§ à §«®¦¥­¨ï
¯® ¯¥à¢®¬ã áâ®«¡æã ¬®¦­® ¯®«ãç¨âì à¥ªªãà¥­â­ãî ä®à¬ã«ã
Kn+1 = 2Kn − Kn−1, ¨§ ª®â®à®© á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì-
­®áâì {Kn} |  à¨ä¬¥â¨ç¥áª ï ¯à®£à¥áá¨ï.

2. �®¦­® ¯à¨¢¥áâ¨ ¤ ­­ãî ¬ âà¨æã ª ¢¥àå­¥âà¥ã£®«ì­®¬ã ¢¨¤ã,
¨á¯®«ì§ãï â®«ìª® í«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï ¯®á«¥¤­¨å n
áâà®ª ¨ ¯¥à¢ëå m áâ®«¡æ®¢.

3.  ) �¥à¥áâ ¢¨âì áâà®ª¨ ¬ âà¨æë ¢ ®¡à â­®¬ ¯®àï¤ª¥ ¬®¦­® ¯®-
á«¥¤®¢ â¥«ì­® ¬¥­ïï ¬¥áâ ¬¨ ¯¥à¢ãî áâà®ªã á n-©, ¢â®àãî |
á (n − 1)-©, ¨ â.¤. | ¢á¥£®

[
n
2

]
í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ -

­¨© áâà®ª I â¨¯ . � ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¨â¥«ì ã¬­®¦¨âáï
­  (−1)[

n
2 ].

¡) �â®¡ë ®âà §¨âì ¬ âà¨æã á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® ¥¥
æ¥­âà , ¬®¦­® á­ ç «  ¯¥à¥áâ ¢¨âì áâà®ª¨ ¢ ®¡à â­®¬ ¯®-
àï¤ª¥ (¨§  ) á«¥¤ã¥â, çâ® ¯à¨ íâ®¬ ®¯à¥¤¥«¨â¥«ì ã¬­®¦¨âáï
­  (−1)[

n
2 ]),   ¯®â®¬ ¯¥à¥áâ ¢¨âì áâ®«¡æë ¢ ®¡à â­®¬ ¯®àï¤ª¥
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(¯à¨ íâ®¬ ®¯à¥¤¥«¨â¥«ì ¥é¥ à § ã¬­®¦¨âáï ­  (−1)[
n
2 ]). � ª¨¬

®¡à §®¬, ®¯à¥¤¥«¨â¥«ì ­¥ ¨§¬¥­¨âáï.

4.  ) �â¢¥â: | −A| = (−1)n|A|.
¡) �«¥¤ã¥â ¨§  ) ¨ â¥®à¥¬ë 6.5.

5. �®¦­® ¤®ª § âì ¨­¤ãªæ¨¥© ¯® n, ¯®«ì§ãïáì à §«®¦¥­¨¥¬ ¯®
¯¥à¢®¬ã áâ®«¡æã.

6. � ï¢­®¬ à §«®¦¥­¨¨ ®¯à¥¤¥«¨â¥«ï |A| ¡ã¤¥â ®¤­® ­¥ç¥â­®¥ á« -
£ ¥¬®¥,   ¢á¥ ®áâ «ì­ë¥ ç¥â­ë¥.

7. � ¬¥â¨¬, çâ® ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë á æ¥«ë¬¨ ç¨á« ¬¨ à -
¢¥­ æ¥«®¬ã ç¨á«ã. � ®¤­ã áâ®à®­ã ­ã¦­®¥ ãâ¢¥à¦¤¥­¨¥ ¤ ¥â
á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 6.4. �â®¡ë ¤®ª § âì ®¡à â­®¥ ãâ¢¥à¦¤¥-
­¨¥, ¬®¦­® ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© ®¡à â­®© ¬ âà¨æë (á¬.
¯à¥¤«®¦¥­¨¥ 6.4).
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�¯¨á®ª ¨á¯®«ì§ã¥¬ëå ®¡®§­ ç¥­¨©
⇒ §­ ª á«¥¤áâ¢¨ï
⇔ §­ ª íª¢¨¢ «¥­â­®áâ¨ (à ¢­®á¨«ì­®áâ¨)
∀ ª¢ ­â®à ¢á¥®¡é­®áâ¨
∃ ª¢ ­â®à áãé¥áâ¢®¢ ­¨ï

a ∈ A a ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã A
a /∈ A a ­¥ ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã A
∅ ¯ãáâ®¥ ¬­®¦¥áâ¢®
A = {a1, a2, . . . , an} ¬­®¦¥áâ¢® á í«¥¬¥­â ¬¨ a1, a2, . . . , an

N ¬­®¦¥áâ¢® ­ âãà «ì­ëå ç¨á¥«
Z ¬­®¦¥áâ¢® æ¥«ëå ç¨á¥«
R ¬­®¦¥áâ¢® ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«
B ⊂ A B ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ ¬­®¦¥áâ¢  A
B ⊆ A B ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ ¬­®¦¥áâ¢  A
{a ∈ A | X} ¯®¤¬­®¦¥áâ¢® A, § ¤ ­­®¥ ãá«®¢¨¥¬ X⋃

®¡ê¥¤¨­¥­¨¥ (¬­®¦¥áâ¢)⋂
¯¥à¥á¥ç¥­¨¥ (¬­®¦¥áâ¢)

A \B à §­®áâì ¬­®¦¥áâ¢ A ¨ B
× ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ (¬­®¦¥áâ¢)∑

§­ ª áã¬¬¨à®¢ ­¨ï
f : X → Y ®â®¡à ¦¥­¨¥ ¨§ X ¢ Y

Mm×n ¬­®¦¥áâ¢® ¬ âà¨æ à §¬¥à  m× n
M+

n×n á¨¬¬¥âà¨ç¥áª¨¥ ¬ âà¨æë n× n
M−

n×n ª®á®á¨¬¬¥âà¨ç¥áª¨¥ ¬ âà¨æë n× n
(aij) ¬ âà¨æ  á í«¥¬¥­â ¬¨ aij

ai • áâ®ª  á ­®¬¥à®¬ i ¬ âà¨æë (aij)
a•j áâ®«¡¥æ á ­®¬¥à®¬ j ¬ âà¨æë (aij)
diag(λ1, λ2, . . . , λn) ¤¨ £®­ «ì­ ï ¬ âà¨æ 
E ¥¤¨­¨ç­ ï ¬ âà¨æ 
En ¥¤¨­¨ç­ ï ¬ âà¨æ  ¯®àï¤ª  n
A + B áã¬¬  ¬ âà¨æ A ¨ B
λA ¯à®¨§¢¥¤¥­¨¥ ¬ âà¨æë A ­  ç¨á«® λ
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O ­ã«¥¢ ï ¬ âà¨æ  (­¥ª®â®à®£® à §¬¥à )
−A ¬ âà¨æ , ¯à®â¨¢®¯®«®¦­ ï ¬ âà¨æ¥ A
AT ¬ âà¨æ , âà ­á¯®­¨à®¢ ­­ ï ª ¬ âà¨æ¥ A
AB ¯à®¨§¢¥¤¥­¨¥ ¬ âà¨æ A ¨ B
A−1 ¬ âà¨æ , ®¡à â­ ï ª ¬ âà¨æ¥ A
〈A1, A2, . . . , Ak〉 «¨­¥©­ ï ®¡®«®çª  á¨áâ¥¬ë A1, A2, . . . , Ak

〈A〉 «¨­¥©­ ï ®¡®«®çª  á¨áâ¥¬ë A
rgA à ­£ á¨áâ¥¬ë áâ®«¡æ®¢ (áâà®ª, ¬ âà¨æ) A
rg A à ­£ ¬ âà¨æë A
rgh A áâà®ç­ë© à ­£ ¬ âà¨æë A (= rg A)
rgv A áâ®«¡æ®¢ë© à ­£ ¬ âà¨æë A (= rg A)
trA á«¥¤ ¬ âà¨æë A

P̃ij í«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥ áâà®ª I â¨¯ 
D̃i(λ) í«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥ áâà®ª II â¨¯ 
T̃ij(λ) í«¥¬¥­â à­®¥ ¯à¥®¡à §®¢ ­¨¥ áâà®ª III â¨¯ 
Pij í«¥¬¥­â à­ ï ¬ âà¨æ  I â¨¯ 
Di(λ) í«¥¬¥­â à­ ï ¬ âà¨æ  II â¨¯ 
Tij(λ) í«¥¬¥­â à­ ï ¬ âà¨æ  III â¨¯ 
AX = b ¬ âà¨ç­ ï § ¯¨áì á¨áâ¥¬ë
(A | b) à áè¨à¥­­ ï ¬ âà¨æë á¨áâ¥¬ë
Sol(A | b) ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë
|A| ®¯à¥¤¥«¨â¥«ì (¤¥â¥à¬¨­ ­â) ¬ âà¨æë A
detA ®¯à¥¤¥«¨â¥«ì (¤¥â¥à¬¨­ ­â) ¬ âà¨æë A
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�à¥¤¬¥â­ë© ãª § â¥«ì
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