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WEB TOUR

1. �¢¥ ¢¥é¥áâ¢¥­­ë¥ ª¢ ¤à â­ë¥ ¬ âà¨æë ª®¬¬ãâ¨àãîâ, â.¥.

AB = BA. (1)

�®ª § âì, çâ®
det

(
A2 + B2) ≥ 0. (2)

�¥à­® «¨ ãâ¢¥à¦¤¥­¨¥ (2) ¡¥§ ãá«®¢¨ï (1)?
�¥è¥­¨¥. �á«¨ AB = BA, â® A2 + B2 = (A + iB)(A − iB), i =

√−1.
�ãáâì z = det (A + iB). �®£¤  det (A − iB) = z (ª®¬¯«¥ªá­®¥ á®¯àï¦¥­¨¥
z) ¨ det

(
A2 + B2

)
= zz = |z|2 ≥ 0.

�á«¨ (1) ­¥ ¢ë¯®«­¥­®, â® (2) ­¥ ¢¥à­®. �à¨¬¥à

A =

(
1 2
0 1

)
, B =

(
1 0
2 1

)
, A2+B2 =

(
2 4
4 2

)
, det

(
A2 + B2) = −12.

2. � ­ ¬­®£®£à ­­¨ª P ⊂ R3. �®ª § âì, çâ® áãé¥áâ¢ã¥â âà¥ã£®«ì­¨ª,
¤«¨­ë áâ®à®­ ª®â®à®£® à ¢­ë ¤«¨­ ¬ âà¥å à §­ëå à¥¡¥à ¬­®£®£à ­­¨ª 
P .

�¥è¥­¨¥. �¥¬¬ . �ãáâì x1, x2, . . . , xn | ¯®«®¦¨â¥«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥
ç¨á«  â ª¨¥, çâ® x1 ≤ x2 ¨ xi−1 + xi ≤ xi+1 ¤«ï i = 2, . . . , n− 1. �®£¤ 

xi1 + xi2 + · · ·+ xik ≤ xn ¤«ï ¢á¥å 1 ≤ i1 < i2 < · · · < ik ≤ n− 2.

�®ª § â¥«ìáâ¢® «¥¬¬ë. �®áâ â®ç­® ¤®ª § âì, çâ® x1 +x2 + · · ·+xn−2 ≤ xn.
�á«¨ n | ç¥â­®, â®

(x1 + x2) + (x3 + x4) + · · ·+ (xn−3 + xn−2) ≤ x3 + x5 + · · ·+ xn−1 ≤
≤ (x4+x5)+x7+· · ·+xn−1 ≤ (x6+x7)+x9+· · ·+xn−1 ≤ · · · ≤ xn−2+xn−1 ≤ xn.

�á«¨ n | ­¥ç¥â­®, â® (á ãç¥â®¬ ¯à¥¤ë¤ãé¨å ä®à¬ã«)

(x1 + x2) + (x3 + x4) + · · ·+ (xn−4 + xn−3) + xn−2 ≤ xn−1 + xn−2 ≤ xn.

�¥¬¬  ¤®ª § ­ .
�ãáâì à¥¡à  P à ¢­ïîâáï ¯® ¤«¨­¥ x1 ≤ x2 ≤ · · · ≤ xn. �á«¨ ¨§ ­¨å

­¥«ì§ï á«®¦¨âì ­¨ ®¤­®£® âà¥ã£®«ì­¨ª , â® x1 ≤ x2 < x3 < · · · < xn (¨­ ç¥,
¥á«¨ xi = xi+1 ¯à¨ i > 1, â® x1, xi, xi+1 ®¡à §ãîâ âà¥ã£®«ì­¨ª) ¨ xi−1 + xi ≤
xi+1 ¤«ï i = 2, . . . , n− 1. �â ª, x1, . . . , xn ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ «¥¬¬ë.



� áá¬®âà¨¬ ¤¢¥ £à ­¨ P á ®¡é¨¬ à¥¡à®¬ xn. �®£¤ 
xi1 + xi2 + · · ·+ xik > xn, xj1 + xj2 + · · ·+ xjp

> xn,

i1 < i2 < · · · < ik, j1 < j2 < · · · < jp (im ¨ jl ­®¬¥à  à¥¡¥à íâ¨å £à ­¥©). �§
«¥¬¬ë á«¥¤ã¥â, çâ® ik = jp = n − 1, â.¥. ãª § ­­ë¥ ¤¢¥ £à ­¨ ¨¬¥îâ ¥é¥
®¤­® ®¡é¥¥ à¥¡à® ­®¬¥à n− 1.

� á«ãç ¥, ¥á«¨ ¬­®£®£à ­­¨ª P ¢ë¯ãª«ë©, ¤®ª § â¥«ìáâ¢® § ª®­ç¥­®,
¯®áª®«ìªã ¤¢¥ £à ­¨ ¢ë¯ãª«®£® ¬­®£®£à ­­¨ª  ¬®£ãâ ¨¬¥âì ­¥ ¡®«¥¥ ®¤­®£®
®¡é¥£® à¥¡à .

� áá¬®âà¨¬ á«ãç © ­¥¢ë¯ãª«®£® ¬­®£®£à ­­¨ª  P .
�ãáâì q = 1.
�á«¨ à¥¡à  xn−q, . . . , xn ­¥ «¥¦ â ­  ®¤­®© ¯àï¬®©, ¯®«ãç ¥¬ ¯à®â¨¢®-

à¥ç¨¥.
�á«¨ à¥¡à  xn−q, . . . , xn «¥¦ â ­  ®¤­®© ¯àï¬®©, â® à áá¬®âà¨¬ ­ ¡®à ¨§

n− q ç¨á¥« x1 ≤ x2 < x3 < · · · < xn−q−1 < xn−q + · · ·+ xn. �¡®§­ ç¨¢ áã¬¬ã
xn−q + · · ·+ xn ç¥à¥§ x̃n−q ¨ ¯®¢â®àïï ¯à¥¤ë¤ãé¨¥ à ááã¦¤¥­¨ï, ¯®«ãç¨¬

xi1 + xi2 + · · ·+ xik−q
> x̃n−q, xj1 + xj2 + · · ·+ xjp−q

> x̃n−q,

i1 < i2 < · · · < ik−q, j1 < j2 < · · · < jp−q. �§ «¥¬¬ë á«¥¤ã¥â, çâ® ik−q−1 =
jp−q−1 = n−q−1. �«¥¤®¢ â¥«ì­® à áá¬®âà¥­­ë¥ ¢ëè¥ £à ­¨ ¨¬¥îâ ®¡é¨¥
à¥¡à : xn−q−1,. . . , xn.

� ¬¥­ïï q = q + 1 ¨ ¯à®¤®«¦ ï á¯ãáª ¯® ®¯¨á ­­®© ¢ëè¥ ¯à®æ¥¤ãà¥, ¬ë
¯®«ãç¨¬, çâ® ¤«ï ­¥ª®â®à®£® q à áá¬®âà¥­­ë¥ ¢ëè¥ £à ­¨ ¨¬¥îâ ®¡é¥¥
à¥¡à® xn−q, ª®â®à®¥ ­¥ «¥¦¨â ­  ¯àï¬®©, á®¤¥à¦ é¥© à¥¡à® xn. �à®â¨¢®-
à¥ç¨¥.

3. � §«®¦¨âì äã­ªæ¨î

f(x) =

{
1, x ≥ 0,
−1, x < 0

¢ àï¤ �ãàì¥ ¯® âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬¥ 1, cos kx, sin kx, k = 1, 2, . . .
­  ®âà¥§ª¥ [−π, π]. �®áâà®¨âì £à ä¨ª áã¬¬ë àï¤ . �å®¤¨âáï «¨ àï¤ à ¢-
­®¬¥à­® ­  ¨­â¥à¢ «¥ (0, π)?

�¥è¥­¨¥. �ëç¨á«ïï ª®íää¨æ¨¥­âë �ãàì¥, ¯®«ãç ¥¬ ak = 0, bk =

=
1

π

0∫

−π

(−1) sin kx dx+
1

π

π∫

0

sin kx dx =
2

π

1− cos πk

k
=

{
0, k = 2m,
4
π

1
2m−1 , k = 2m− 1.

�â ª, àï¤ �ãàì¥

f(x) Ã 4

π

∞∑
m=1

sin(2m− 1)x

2m− 1
.



�® ¯à¨§­ ªã ��̈­¨ áã¬¬  S(x) àï¤  �ãàì¥ ¥áâì 2π-¯¥à¨®¤¨ç­ ï äã­ªæ¨ï

S(x) =





1, x ∈ (0, π),
−1, x ∈ (−π, 0),
0, x = 0, x = ±π.

�¨ªá¨àã¥¬ «î¡®¥ ­ âãà «ì­®¥ n. �ãáâì x = π
8n ∈ (0, π). �à¨ ¢á¥å n + 1 ≤

m ≤ 2n ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  π
4 ≤ (2m− 1)x ≤ π

2 , ®âªã¤ 
2n∑

m=n+1

sin(2m− 1)x

2m− 1
≥ 1√

2

2n∑
m=n+1

1

2m− 1
≥ 1√

2

n

4n− 1
≥ 1

4
√

2
.

� ª¨¬ ®¡à §®¬, ­¥ ¢ë¯®«­ï¥âáï ªà¨â¥à¨© �®è¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨.


